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PREFACE. 



THE motives that induced me to publifli the following^ 
fheetSy were chiefly to fettle the bufinefs of Mechanics upon 
the moil certain and undeniable principles^ and to point out 
and provide againft fuch material errors, as were moft likely to arife 
from a too general application of the method of dividing forces ; 
which notwithftanding may, in many cafes, produce juft conclu- 
fions, yet there are others wherein that method will prove defedtive. 
I have, in the enfuing pages, deduced the folutions to a great va- 
riety of important problems, by help of one general property of the 
center of gravity of a body, or of the common center of gravity of 
a fyfteiii of bodies ; to wit, that thofe centers will, when the bodies 
are at reft, be in the loweft place poflible. The former of thefc 
cafes has been univerfally aflented to; and the latter is, I think, fo 
very obvious, that any attempt towards a demonftration thereof, ' 
would only ferve to render it lefs evident ; efpecially when we con- 
fider, that as the abfolute motion of a fyftem of bodies ading mu- 
tually upon each other, depends entirely upon the motion of their 
common center of gravity ; and if, into this point or center, the 
whole lyftem were contracted, its motion would remain uninfluenced 
by fuch a change made in thc.difpofition of the parts, it muft, as 
bodies can only move but to defcend, neceflfarily follow, that, when 
the common center of gravity of a fyftem of bodies is in the loweft 
place, that fyftem can have no tendency to move, becaufe, in any 
other pofition, the defcent of the center of gravity of the bodies 
would (by the hypothefis) be lefs than before. 
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There cannot, I apprehend, remain any doubt with regard to 
the certainty of the principle, upon which the inveftigations in the 
enfuing Work arc founded^ for in a great number. of examples^ 
where the refolution of forces can with propriety be applied, the 
conclufions by either method are exactly the fame. This may in- 
deed ferve to fatisfy thofe, who are fo tenacious of the method of 
treating mechanic problems by thedivifion and compofition of forces, 
as fcarcely to admit of any other; yet I flatter myfelf, that the me-^ 
thod I have purfued will, to the impartial reader, appear fo fatisfacr 
tory, as to remain a future criterion in mechanic difquifitions. 

The inveftigations with regard to the e<juiUbrium of beams, fuf- 
tained by means of ftrings, are very different to thofe required for 
the fame purpofe, when the beams are fuftaincd by weights ; or, 
which is the fame thing, by forces acting in the directions of thofe 
firings, to whofc ends the weights were appended. For, when a 
beam is fuftained at reft by means of two firings, it is very certain,, 
the center of gravity of that beam will be in the loweft place ; 
but, on the other hand, when two weights, afting in the former^ 
diredions of the ftrings, perform the office of fuftaining the beam^ 
it is the common center of gravity of the beam and weights that 
muft pofTefs the loweft place; and as there are innumerable cafes, 
wherein thofe centers may not coincide, or where the defcent of one 
may be a maximum when that of the other is not, it follows, that a; 
change of fituation may enfue, under the different circumftances of" 
ftrings and weights : and to the want of having properly attended t04 
this particular,! apprehend, may be afcribed the miftakes which fome 
confiderable writers on Mechanics have fell into ; ' becaufe the fame, 
method of reafoning, by which they have deduced the true proper- 
ties of the lever, wedge, fcrew, G?c. and alfo of bodies fuftained upon* 
inclined planes^ cannot be extended to all cafes of fufpended beams. 
To inftance this, the reader is deiired to refer to page 27, where, in 
a folution to the Xth Problem, according to Mr. Simpfons method*, 
tranfcribed from his Treatife on Fluxions, it appears^ that the ten- 
don of two cords AD, BC, iS^cJig. on p. 26.) fuftaining a beam or 
rod CD, at its extremes D and C, are to each other as fin BCD X 
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CG to fin: ADC x DG refpedively y but, by the folution to Pro^:Lni ' 

AD A F 
XXVlII, thofe tenfions are to each other as r> p to vj^ • This 

latter ratio of the ten fions fhews, that the beam CD cannot be iup-. 
ported in that pofition, wherein ABC is a right angle, becaufe II U 
then vaailhing, the ratio of Qjto P becomes infinite; but the former 
points out no fuch reftridion with regard to the angle ABC, for as 
the ratia of the tenfions there depends upon the meafure of the 
angles ADC, BCD, which always remain finite, be the angle 
ABC what it will, there can no pofition of the beam be affigned, 
wherein that ratio cannot te afcertained. Another proof of the 
infufficiency of the abovementioned ratio of the tenfions of the 
cords may be deduced from that well known principle in Mecha- 
aics, mentioned Pipage 33, whereby it appears, that ABC being a 
right angle,, if AD and HC be produced till they interfeft, aright 
line drawn from the point of interfedtion,^ through the center of 
gravity G of the beam, (hould be perpendicular to the horizontal 
line AB j but as this is. manifeflLy impoffible, when BC coincides 
with CH, or^ which is the fame thing, when ABC is a right angle, 
it follows, that nQ> forces whatever, acting in the dircdions AD 
and BC, can fuftain the beam DC in the propofed fituation. The 
fault here, feems to arifc from ftippofing the forces, ading in the 
direfitions AD and BC, to continue the fame when the beam is 
freely fufpended as they were before, when the ends C and D 
were moveable about thofe points- by means of pins fixed therein 
alternately j for although it is very certain, that QJs equal to 

finFDCxCG ^^ u T^o- ui u u z: j • 

f ADC X CD "^^ when D C is moveable about the fixed point 

4 ir .u . finHDCxDG .., . , . , 

C ; and alio, that 1; ^ BCU x UC ^ '^'^ exprefs the weight ne- 

eeffary to fuftain the beam. CD,, when moveable about the point 
D as fixed ; yet when the beam is freely fufpended by the weights 
Q^and P, a<fting thereon at the fame time, their refpe<ftive va- 
lues, and confequently their ratio, will be changed from what they 
were before : this will appear evident by the folution to the 
XXVlIIth Probkm. 



t/ 



viii the P R E F A C E. 



It is fomethlng remarkable, that in the invedigations relating 
to the folutions of mechanic problems, it often happens the infe-* 
rior cafes are not included. Inftances of this kind occur in feveral 
of the problems before us, as at page 55 ; wherein, if we fuppofe 
EDi= o, the problem there propofed will become exaftly the fame 
with Problem I. Now when ED= o, the firft general equation in 

the folution to the XXVIIth Problem will be reduced to —^ = 

W . '' 

yyrr* aud thc fccoud will entirely vanifti; AE and DH in x!ci^ figure 

Pipage S^j corrcfpond with AC and EC refpedively, in the^^^r^ to 

O W 

Problem 1 5 therefore xq Should be. equal to p^, and confequently 

Qj W : : AC : EC; but, by the folution to the Ift Problem, Qj^ 

EB AR 
W : : -rr^ : a^i whence it is evident, that the general fohjtion to 

the XXVIIth Problem, does not include the particular cafe pro- 
pofed. In the very fame manner it may be (hewn, that the equa- 

D X AE F X BE . u j j a c.^ -.u 

^Jq^ — _^ — — ^ at page 9, cannot be deduced from either 

of the equations zt ^page 57, by making ED= o, notwithftanding 
that when ED = o, the problem is exadHy the fame with that at 

page 8. 
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Jttrj5QS[HJ( N order to facilitate the operations for determining the place of 
?? I ^ the center of gravity of a body, or that of the common center 
?f ^^^3^ of gravity of a fyftem of bodies, (the chief difficulties that occur 
k,2CJBjrf in the cnfuing pages) the two following lemmas are prcmifed. 

LEMMA L 

LET a e d ht 2L horizontal line, to which the weights A B C D, ^c. 
are appended by means of the ftrings A tf, B ^, C r, D ^, &c. then 
will (M) the perpendicular diftance of the qommon center of gravity of 
thofe weights from the faid horizontal line, be equal to the quotient ariling 
t)y dividing the fum of the produfts of the weights into the lengths of 



the weights 



that 



IS, 



/ 



L 



their refpeftivc ftrings> by the fum of all 
Tvyr- AflXA+B^xB +CfxC+D dxD, ^e. 

A + B + C + D, £2?t:. 

join the points A, B, with a right line, and 

let G be the place of the common center of 

gravity of the weights A, B, draw G^, and 

AP refpeftively parallel to A^, and acd. 

Then by the fimilar triangles A P B A O G, 

we have AB:AG::PB:GO, whence 

AG — — — . ^ AG ^ , BG 

■^X B b~A ^ + A 4, or ^ X B b+j^ X 

A^nG^, but by the property of the center 

of gravity AGxA riBGxBj therefore AG:BG :; B: A, andAB: 

AG : : A+B : B^ alfo AB : BG : : A+B : A, from thcfe proportions we get 

B 
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AG B ^BG A 

j^= A I g ^^" AB~A"+B" "^ ^^^^^ ^ P*^^ ^^^ ^^^ equals in the lafl: 

i-ji r/- JL B iTi.A,_^ AxA^74-BxB3 
found value of G^, and we haYe a+B ^^ "^'A+B^ *^'' aTb ' 

z=G^. Let the weights A>B, whofc fum call W, be placed at G, their 
common center of gravity -, then if we join the points G C with a right 
line, and fuppofc S to be the common center of gravity of the weights 
W, C, the perpendicular diftance S i of that center from the horizontal 
line will, by the fame way of reafoning as before, be exprefled by 

^^^l^ic'^^ ^" ^^^* ^^^ ^i *"^ W» fubftitute their refpefti 



W+C" 



:ive va* 



1 . AxA^+BxB^ AxAj+BxB^+C xO: 
lues, VIZ. — — ^ ^ and A+B, we have S s:=z A4-B4-C 

In. the fame manner it may be proved, that the perpendicular diftance of 
the common center of gravity of the four weights A, B, C, D, from the 

, . • ,. . . , . AxAtf+BxB^+CxCr+DxDrf 

Iiorizontal line a € d^ is equal ^ 



to 



A+B+C+D 
whence the law of continuation becomes manifeft. 

As this operation only determines the neareft diftance of that fine (drawn, 
parallel to the horizon) from a dy in which the common center of gravity 
of the propofed weights will always be found, we muft, if the real place of 
that center be required, alfo inveftigate the point inad^ from whence a 
perpendicular being let fall, will, by its interfedllon with the above-men- 
tioned parallel, give the place of the common center of gravity of all the 
weights. In order to which let ^, ^, 



A 

I 

a 



C P 



Q 



li I> B 



r 






be two weights hanging at the rod 
A B, and foppofe D the place of their 
common center of gravity, then we 
have ADx^=DBx*, whence 
AD:DB ::b\a, and AD + DB: 
AD : : tf+^:^thatis AB : AD : : 

b ^ a: h^ therefore A D cr ^ , ^ * 

Again, let c be another weight appended at C, and let them all be tr ans- 
ferred to E, then to find this poinr we have C E x^ = ED x a + b • . • 
EC:ED::tf + *:^j andEC+ED:ED::tf + ^ + r:f, that is^ 

CD:ED::tf + *+r:r. and EDr:^S~- AE=AD — EDzr 



'i 



a-^b a+b+c* 



M+i+c' 



but AD — AC=CD, and CDxf = 
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•- A C X f = ■ ' . A » therefore A E = ■ , - . 

ABx^e—ACxbc—ACxac . Aixixa+h+c—ABx^ c+ACx*i 

+ ACxac ABxt+ACkc j ^ ^ , , uu^j i. 

■ ■ , ' = ^^1^^ • Let f be another weight befidcs the 

former, all fufpended in cquilibrio in the point Q^ Then P Qjc p = 
QJEs xa + b + c • . • P Qj QJE : : a + * + ^ : />, and PE : QJE ::a + 

h + c + pip, whence QE = ^^^^^^^^ ACl=AE-QE = 

BAxy^ACx., ,^^^^^ «— AQ.=AB||^^ _ 
BAX^^— ACx/>^+APx^X<»+^+7 ABx^+ACxgX/>Xtf+^+c 
— B AX^ — ACx<^Xj>+APx/>X<» +3 + f ^^„ , ,^ 

ABx» + ACxf +APxj> ! 
^ + ^+ ^ + ^ 

From thefe operations it wpears, that the fum of the produAs of the 
weights by their refpe&ive diftances from A (fuppoled the point of fuipen^ 
fion) divided by the ftun of all the weights, gives the diftance of their 
common center of gravity from the point A. 

This property of the center of gravity of a fyftem of bodies is demon* 
ftrated by moft writers on Mechanics, but in a manner difiercnt to thr 
above. 
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LEMMA II: 

FROM the fum of the fquarcs of any two fides of a plane triangle^ 
fubtradt the double produdt of thofe two fides into the cofine (radius 
being unity) of the angle they contain, the re- 
mainder will give the fquare of the third fide. C 

Let ABC be any plane triangle, from an 
angular point C let fall upon AB the perpen- 
dicular C D, it is obvious that 2 A B x B D z: 
ABxBD+ABxBD, but AB— ADizDB, 
therefore 2ABxBD=AB»— AB x AD+AB 
X B D, or AB x A U— DB = AB^— 2 AB x BD, 
thatis AB»— 2ABxBD=:AD»— DB% but BC*— BD*=AC*— AD* 
by the figure, whence by adding thefe two lafl; equations we get AB» + 
BC*— 2ABxBDz:ACs or which is the fame thing, AB*+BC* 

B D 
2L AB xBCx ^T-> = AC*. Now if BC be radius, BD will be the co- 




BC 



BD 



fine of the angle ABC, but to the radius i g^ is that cofine, therefore 
AB*+BC'— 2 ABxBCxcos < ABC=:AC*. 



If the included angle ABC be obtuit, then becaufe the cofine ^f an 
angle greater than 90^, is always denoted by that of its fupplemcnt, with 
a negative fign the laft equation will be changed into AB*+BC*4-2ABx 
BC xcos<;ABCziAC». . When ABC becomes a right angle, 2 A B 
X BC X cos <; ABC vaniflies, and AB *+ B C * is then equal to AC », a 
well known property of a right angled plane triangle. The demonftration 
of this lemma may be eafily obtainccTby help'of the 12th and xjth propo- 
fitions of the fecond book of Euclid*^ Elements, for in the 13th it is proved, 
that in an acute angled plane triangle ABC, AB* + BC*z=AC* + 
2ABxDB; and in the 12th, that, when ABC is an obtufe angle, 
AB*4-BC*r:AC* — 2 A B x D B, in either cafe, by making radius 
equal to unity, and fubtrading as before, the very fame theorems will- be 
produced. 
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P R O B L E M I. 

m 

TO determine the pofition of the thread 6 C A D fhaving one end 
fattened to a tack at B, the other end pafling freely orer a fmall 
pdlley at A in the horizontal line, B A) when two known weights Q^ w, 
appended at the ^ven points D, C, fuftain each other in equiiibrio* 

S O L U T I O N. 

Put AB=:i, BQritf, CAD=A drawCE 
l^erpetidicular to A B, and call AE; x, then 

EB=^i— X, whence EC= s/a^ d"" + zdx^^-^x''^ 

a nd AC=x/a*' -^*+2dx) therefore AD=/-— 
\/a^'^^^^2dx) and (by Lemma i.) the per- 
pendicular diftance of the eommon center of gravity of the wei ghts Q, W^ 
from th e horizontal line A B , will be exprefled by / Q^-Q^y/^ *— i* + idx" 
+ W v/tf»— ii*+2J;v~A?*^ divided by Q^+ W, rwhich muft be a maxi- 

9 d X li d X'^'^7. X X 

mum, in fluidons we have -rrQ^ : ., . . ^ ^ 




AB ,„„EB ,^ „ EB AB 



XW=C, whence Q.x|^=Wx|^,anda:W: :^. ^. 
CoROt. 1. Q_: W : : fin < E C B : fin < AG B, for in the right an- 



« • 



gled triangle C E B, it wiU be C B : i (radius) : : E B : ~| = fine<ECB, 

EC EC 

whence the fine of the angle ABC is equal to g^, therefore AC : g^ : : 

-u.ECxAB ^ ^ A^„ r , EB AB EB ECxAB 
^^'- SeiTB^ = ^ < ACB, confequently ^,—,,— , — ^, 

that is Q^: W : :.fin <ECB : fin < ACB. 

CoROL. 2. When O = w, then the fine of E C B will be equal to the 
fine of AC B, and conlcquently the angle ACB, together with the angle 
ECB, make 1 8o degrees. 

CoRoL. 3. If the weight w Hides freely along the thread, then, as A C 

vill be equal to BC, EC = ^ 7^. = (when a=:t») —4=. 
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*' CoROL. 4. The weight Ct, will be the leaft poffible, when ACB is si 

nght angle : ror by Cor. t. — f " > ^ A C R — "^ ^ ^" ^^ Certainly be 

the leaft when fin -^ ACB is the greateft poffible, that is, when ACB 
i*^^ a right angle. 

This problem may be anfwered by the refolution of forces, thus : 

Let the force, afting in the diredion C B, be reprefented by F, whiciv 

force may be divided into two others ading in the diredions^CE. And B£V 

EC X F EBxF 
whence — ^pTp — and - ^^ are thofe forces refpeftively. In the fame 

manner may the force Q^afting in the dircdion AC, be divided iitto the 

ECvO AE 

forces — .^ > and -— ^ x Qj Now it is very evident, that the fum of the 
A C AC» 

two forces afting in the direftioiv CE, muft be eqaal to w, and alfo that 

the foYces afting in the oppofKc difeftions A E, E B mull, in order that 

the weight C, may have no tendency to move horizontally, deftroy each 

u u u^ • • ECxF , ECxQ , ^ AExCt 

other; hence thefe equations, vtz. ^^ 1 Tr""^"" «^,and — Tc""^ 

-. ^^g ^, for BC in the RrlV equation fubftitute its equal ^£^!^, 

and there will arife ^^^^ i 4^^^^^Q - = w, or (6ecaufe AE + , 

AC ^ ACxEB . 

BE = AB;ECxAB xCL= AC x EBX^, and confequently O r w : r 
F B AB 

FC ' AC ^^^ ^^^y ^^^^ determination as before. 






PR OB L E M 11. 

IF alt the ends of a thread DAE, j?>oying upon the fixed tack A^ 
there are hanged two weights D and E, whereof the weight E Aides 
along the oblique plane B G, to fihd the place of the weight E where thefe 
weights are in equilibrio, .> . 

' . ' ■ * 

SOL U T r O N. ; . 

I^t D A E H be the required pofKion, and fupppfe the weight E, 10- 
ftead of being fopported by the plane B G, to be fuftained by a thread 
E H, petpendicular n tli^ fajd plaae^. and feftencd to the point H^ -theit 
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by the foregoing problem D : E : : fin -< C E H : fin <^ A E f t . . 
EK produced (if need be) let fall the per- ^ 

pendicular AB, which pur = j, call the 
^iven part A K "bf the horizontal line 
AH, f, and BE, x. Then by plane trigone- 

mctry, cm. (radius) \\a\— z= fin <^ AKB, 

and y/a'-^x^ : x :: i : ,, ' 
*< A E B equal to that of A E H, then 

=> : : D I E, whence x zz 



7 

Upoa 



7) 



zz cos 




* \/a ^ + X-' 



x/U'c^ — t.^'a' 



' ' Otberwifcj 

Let / be put for the length of the firing E A D , the other letters re- 
maining as before, we (hall have A E =: y/a"- +x%' AD zul — v/^H-^ 
and KE =x — v^^« — ^z/ hence by^ Lemma i, /D — D v/x*+ij*' + 

tfEx— — ', expreflfes the perpendicular diftance of the common 

center of gravity of thp weights D, E from the horizontal line AH, which 

(becanfe a maximtmij being put into fluxions and properly reduced, gives 

a*E * 
^ = /i^ ■» \ y the fame as before. 

Sir Ifaac Newton^s method of folution, fee his Univerfal Arithmetic, 

^ *57- - - < - 

Suppoie the problem done, and parallel to A D, draw E F, which let 
be to A E as the weight E to the weight D. And from the points A and 
F, to the line B G, let fall the perpendiculars AB, ]^(j. - J^ow fir.ce the 
weights are by fuppofition^ as the lines AE and EF, eiprefs thofe weight* 
by thofe lines, the weight D by the line EA, and the weight E by the line 
EF. Therefore the body E, dircAed by the fo:ce of its awn weight EF, 
tends towards F, and by the oblique force E G tends towards G ; and the 
fame body E, by the direik force A E of the weight D, is drawn towards 
A, and bjf the oblique force B E is drawn towards B.* Since therefore the 
weights fuftain each other in equilibrio, the force by which the weight E 
is drawn towards B, ought to be equal to the contrary force by which it 
tends towards G, that is, B E ought to be equal to £ G. But now the 
ratio (rf A E to E F is given by the hypbthcfis v and by reafon of the 
given angle F E G, there is alfo given the ratio, of F; 6 t© -£ G» td which 



V- 
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B E is equal. Therefore there is given the ratio of A E to B E ; A B !$ 
alfo given in length, and thence the triangle ABE, and the point E will 
be eafily given, viz. make A B = tf, B E =: x, and A E will be equal to 

y/a ^ + x\^ moreover let A E be to B E in the given ratio of d to ^, and 

e v^Jht^ will be = ^x, and the parts of the equation being fquared and 

ae 
reduced, et aazzddxx — eexxy orxzz -7===:. There&re the leneth 

B E is found, which determines the place of the weight E. 

fl*E 
By the foregoing folution it appears, that x = \^ x.^Fz y ^^^ ^^ 

order to fliew that thefe values of x are exaftly the fame, we muft fubfti- 
tute for D, E, &?f . their refpeftivc values in terms of d and t. Now AE : 
B E : : ^/ : ^, and EF : AE : : E : D by the hypothefis, but FE : EG, : : 
AK : AB, by the fimilar triangles EFG, ABK, wherefbre AE : EG : ; , 

— . zLz^ or as ^ : tf, bccaufe B E = E G, confequently -- •. f : : </ : ^, 
E AK. tL € 

whence -^^ : -^ : : d* : e\ and agaui =~ -- — ; — : : rf » — ^ » : ^ * 

a^E* , e aE , ^ 




PROBLEM III. 

IF on the ftring D A C B F, that Hides about the two tacks A, B, plated 
in the horizontal line A B, there are hung iifxce weights D, E, F. D 
and F, at the ends of the dring, and E at its middle point C, placed be- 
tween the tacks : From the given weights and dlftance A B, to find the 
ficuation of the point C, where the middle weight hangs, when the three 
weights are in equilibrio. 

S O L U T I d N. 

From C draw C £ perpendicular to A B. Put AB s: 4t the ftring 
CBF = /, EC =:y, BE =: X i then AE= d—x, and AC= \/^M^ 

m 

whence 



-M-M 
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whence AD=L— \/^^Hpp(L being put for t he ftring CAD) ar 

B C =: \/** +^S ' confequcntly BF=:/ — %/*•+;>»,' and (by Lemma i 
the perpendicular diftance of the common 
center of gravity of, the weights D, El, F, from 
riie horizontal line A B, will be exprcfled by 

' " D+E+F ^ 

Xv^ +jy' vvhich muft be a maximum ; 
D+E+F. * 

iii fluxions with x conftant, gives -jse^i-t 

'. Tyy . „. DxEC 

+ Ey— -y=^==^=:o, whence E— • 

FxEC 



AC 



BC 



and by taking the Huxion of the 




BC 



-fame expreillon with y invariable, we have ■■ m i . ~ -I — >* ■ . " 

DxAE _ FxBE 
= °'°'-AC 

COROL. I. 

and D : £ : 

COROL. 2. 
COROL. 3. 



F: E : : AExBC : ABxEC : : fin < ACE : fin < ACB, 
fin < ECB : fin < ACB. 

If ACB be a right angler, then D : F : : BC : AC. 

Through C let H C P be drawn perpendicular to B C, and 
from any point, as L in B C produced, draw L H and L P, the former 
perpendicular, and the latter parallel to the horizon ; then if a heavy body 
be fuftained upon the inclined plane HCP, by a power afting in any given 
dire6tion AC, to which H S is drawn parallel, the fuftaining power, weight 
of the body, and its preflure upon that plane, will be refpe6Hvely as S H, 
HL aod LS. For if the weight E reprefcnts a heavy body, fupported 
upon the inclined plane HCP, by means of the weight D afting in the 
direction AC, its preflure upon that plane will be expounded by the weight 
F, acting in the direftion C B ; this being premifed, it appears by Corol. i, 
tbatF:E : : fin < ACE : fin < ACB, and D : E:: fin < ECB : Cm 
*< ACB, whence D ; E and F are refpeftively as the fines of the angles 
ECB, ACB and ACE. But the angle ECB is equal to the angle 
HLS, the angles ACB, HSC are equal, and the angle ACE is equal 
to the angle LHS ; therefore the fines of the fttglcs of the triangle HLS, 

D 
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and eonfequexuly the fides H S, HL and L S, are ai the weights D, B 
^nd F« 

CoROL. 4. If a heavy body be fuftained upon an iiiclined plane^ by ^ 
power afting in a direftion parallel to that plane, then theweight of the 
body, the power that fuftaina it, and its prcUure againft th$ plane, are re- 
fpeftively as the length H P, height LH, and bafe LP of that plane. For 
in this circumftance HS coincides wiih HC, and LS with LC,. therefore 
D, E and F, are as HC, HL and LC; but HC x H P =: HL« and HP 
X LC = HL X LP by the fimilar triangles HLP, HLS and LCP, there- 
fore E, D and F are as HP, H L and LP. 

CoROL. 5. If a heavy be fuftained upon an inclined plane by a power 
afting parallel to the horizon, then the preflure on the plane, the power 
and the weight, are refpeAively as radius, the fine and cofine c^ the plane's 
elevation. For in this cafe H S is_ p^rajlel to LP, and therefore the trmnglc 
LHS now becomes fimilar to HLP, and confequently LS, HS and HL» 
are as HP, HL and LP, that is, as radius,, the fine of the angle HPL*. 
and fine of the angle LHP. 

CoROL. 6. The power D is leaft whtfn its line of direftion ia parallel ta 
tlie horizon. 

Sir Ifaac Newton*s method of folution to this problem, fee his Univer&l 
Arithmetic, p. 1 59. 

Since the tenfioa of the thread AC is equal to 
Ae tenfion of the thread AD, and the tenfion of 
the thread B C to the tenfion of the thread BF, 
the tenfions of the ft rings or threads AC, BC, 
E C, will be as the wights D, E, F. Then 
uke the parts of the thread C G, C H, CI, in 
the ratio as the weights, compleat. the triangle 
G H L Produce I C till it meet G H in K, and 
G K will be equal to K H, and CK=| C I, and 
confequently C the center of gravity of the tri- 
angle G H L For draw P C^ through C, per- 
pendicular to C E, and perpendicular to that, 

from the points G and H, draw G P, H Q^ And if the force by which 
the thread AC, by the force of the weight D, draws the point C towards 
A, be exprefled by the line GC, the force^ by which that thread will draw 
the fame point towards P, will be expreflTcd by the line CP, and the force 
by which it draws towards K, will be exprefled by the. line G P. And in 
like manner, the forces by which the thread BC, by means of the weight 
F, draws the fame point C towards B^ Q^and K, will be exprefled by the 
lines CH, CQ^and HQj and the force by which the thread CE, by 




ttm 



f 



TflEoiiv and Practice of MECHANICS. ri 

fTiesuis of the weight £, draws that point C towards E, will be exprefied 
hf the Itnc C I. Now fincc the point C is fuftained in equilibrio by equal 
forces, the fum of the forces by which the threads AC and BC do tc^e- 
ther draw C towards K, will be equal to the contrary force by which the 
thread E C draws that point towards E ; that is, the fum of G P + H Q^ 
Will be equal to C 1 5 and the force by which the thread AC draws the 
point C towards P, will be equal to the contrary force by which the thread 
B C draws the lame point C towards Qj that is, the line P C is equal ta 
the line C (^ Wherefore fmce P G, C K and QH are parallel, G K 

will atfo = KH, and CK (= ^^"^^0 ^ = ^ C I, which was to be 

ihewo. It remains therefore to determine the triangle G C H, whole fides 
G C and H C are given» together with the line C K^ which b drawn from 
the vertex C to the middle of the bafe. Let fall therefore from the vertex 



C to the bafe C H the perpendicular CL, and 
GC'— KC«— GK» 



GC*— CH* 
2GH 



willbe=KL=: 



2GK 



For i QK write GH> Md having rejed^ed the common 
divifor GH, and ordered the terms, you will have CG* — 2 KC*+ CH* = 
2. GK» or \/|GC*^K.C»+ 4 CH*^ - GK. Hartng finind GK^ or KH, 

there are given together the angles GCK, KCH, orDAC, FBC. 
Wherefore, from the points A and B, in thefe given angles DAC, FBC, 
draw the lines AC, BC, meeting in the point C j and C will be the point 
fought. 

When^ the points A and B are in the fame horizontal line, this folution 
agrees exaAly with the former. But if a general folution be. required by 
the firft method, when the points A alH B have any given fituation out 
of the horizontal poficion, then from the point A draw ASN parallel to 
the horizon,, and from the point B^draw B N perp e ndic ular to AN \ draw 
alfo CS parallel to FBN, and BE parallel to 
AN. Put AB= d, ANz: a, BN= *, L and / 
for the refpedtive lengths of the firings CAD^ 
CBF, CE=:;s B £=:;*. Hence we get CB' = 

: \/Jh^ AC*= s/T^^T^x" and AD=; 



v/;^+/+^— /,'alfo NF= ^ + /— \/lF+^ 

and CS zr ^ +j; confequently, by Lemma i, 
the perpendicular diftance of the common center 
of gravity of the three weights D, E, F, from 
the horizontal line A S JST, will be exprcffed by 
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I. X D— D X v/jT'y'+/»> ^*'+Fx^+Fx/— Fx\/7^+P+Ex^+Exj^ 

= iJ+E+F : ' 

which, becaufe a maximum, being put into fluxions, with jr conftant, and' 

AS SN 

the equation thence arifing properly ordered, gives D x ^ = F x ^ ; 

and the exprcflion for the maximum being again put into fluxions, with x 

C S OP 

conftant, will, when properly reduced, gi^eDX^ "^^^"CB ~ ^' 

But thcfe equations may be otherwifc derived by the refolution of forces, 

thus : Let the force D, acting in the direftion A C, be divided into two 

other forces afting rcfpeaively in the direftions AS, CS, thofc forces will 

AS CS 

be denoted by D X -^ and D X j^ \ in the fame manner by rcfolving 

the force F, afting in the direftion B C, into the forces afting in the di- 

BE CE 

reclions C E, B E, we (hall have F X ^ and F x q^ for thofc forces re- 

fpeftively. Now it is very evident, the forces afUng in the contrary and 
parallel diredions AS, BE, muft dcftroy each other, otherwife the weig' * 

AC C(* 

would have a tendency to move horizontally, therefore D x -aT^=: Fx?^- 

And again, it is certain that the fum of thofc parts of the forces D and 
F, which aft in the diredlion C S, muft be equal to the abfolute force of 

C S CF 

gravity, or weight E ; hence this equation Dx^ + Fx^=i E, which, 

together with the other before found, are exaftly the lame as thofc above 
determined, and may be eafily (hewn to agree with the foregoing method of 
foluiion given by Sir Ifaac N€Wl(m. 



■«» 



PROBLEM IV. 

LE T three weights tf, ^, d^ fupport the weight C, after the manner 
defcribed in the laft problem ; to determine their pofition when in 
equilibrio. 

SOLUTION. 

Suppofe it done, and C cA the pofition required. From c draw c D 

perpendicular to the horizontal line AC, put A C == j, C B =: », /, /, 

and 
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and / for the refpedive lengths of the firin gs « B ^ c C «> «nd t A 
Bb=:Jf, fDnjr. Th^n will B ^ =^ y /x* +;>*,' 

V'^^T+F'Cw =?—■»-)» C*=^ 



»iv+7? 



and Ai= /-f- v^^^^+ys* By Lemma i, 
the perpendicular diftance of the common (^ 
center of gravity of the four weights a^byC^d, 
from the horizontal fine AC, will be exprefled 




bl-^hs/iF^-p •\- al—as/l^ 






the fluxion of which, making y conltant, is ■■ , — as . + , _i* * s: •> i 

zz o. And by taking the fluxion of the fame exprdfion, widi 







-jijShftant, gives ^ -u <-^ 4> y^af^=— i + . / aE=^^^-^^ 

BD CD . DA 



cyzzo^ froni 



thefc equations, properly reduced, we have ^X gr + ^X r~"— ^ X -r^ 

Dr Dc , Dr 

and*Xg-^+«Xcr^+ix^=A 

The fame conclufions may be otherwiie derived by the application oi 
tjie method of dividing forces, thus : The force a may be divided intc 
two other forces, afling in the directions C D« i* D, the force i may be dl 
vided into the forces a^ing in the dire^ions B D, r D, and the force d intc 

CD DB 

thofe ading in the di regions AD, r D, whence we have ^X-q- "+" ^ X -^ 

DA 

izzdx "x^f becaufe the forces adtng on each fide the point D, in the di^- 

rc6lion A C, mufl. be equal ; otherwife tile weight c would have a teo* 

dcncy to move hortzoatally. Again, <»Xr^ ^^^r^ "^^A^ ^ ^ 

equal to r, becaufe thofe parts of the abfolute forces a^ b^ d^ which a6b i| 
the common dircdion rD, mu(^ together be equal to the whole weighty 
which they fupporc. 

R ' 
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PROBLEM V, 

TO the ends D and E of the ftring DACBE (pafling over two fixed 
tacks at the points A^ By in the horizontal line A B; let tli^ weights 
D and E be appended ; *tis required to find the pofition of the faid ftring^ 
when a third weight C, (Aiding freely on the ftring between the tacks) ihadi 
be ^jufl; counterpoifc to the former two. 

SOLUTION. 

Ldc ACB be the required pofition ; from C draw C F perpendicular to 
AB. Put A B = », / for t he leng th of the ftring D AC B E, A F = y, 

AC=>, AD=2. T henv/y'+j>*' = FC, »— *=:FB, \/'»»+J»--» »^ 
= CB, and i— jr-"\/» '-h>' — znif — 2=BEi 
confequently D X^+ v6"^>^C+ /I^^xE-^ 

pendicular diftance of the common center of gra* 
vity of the three weights D, C, E, from the ho- 
rizontal line A B, which muft be a maximum ; 

the fluxion of this expreflion, with x and^ conftant, gives D ^—£2;:^ o*' 
Whence D =:£, the fame expreffion in fluxions witl^ x and z conftant, gives 




Cx^j^ 



x/y 



Exy 



E X ry . , , AC ^ 

y\ . 7 ^ = o J or, when reduced, -— xC= 



-* X E, and in fluxions with x only variable, we have 



CB 
»E X 



, AF _ AB^„ ^ , AC+CB 

. . , = o, whence :f7; X C z= p— x E, confequently — 7- 

v«*+J'— ^^^ FC CB ^ AC 

AB 
IT "xpi which can only happen when ACn CB, and AP'n FB. Now 

becaufe Di= E, it follows, that if the middle weight C be fuffered to Aide 
freely along the ftring, no equilibrium can enfue, unkfs the fuftaining 
weights D and E are equal, for otherwife the greater weight will defcend 
continually until. the lefler be quite pulled up to the horizontal line AB. 
Either of the foregoing equations expreffing the relation of C to E» will, 
by fubftituting AC for CB, and AF for FB, become C x C B- 2FC x E, 



w 
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^S 



and amfcqucndy C : E : : 2 F C : C B. If it were required to determine 

the pofition of the firing when the weights D» C, E, are in equihbrio, lup- 

pofing one of the points as B fituated out 

of the horizontal line A F H ; then having 

drawn B H perj)endicular to A H, and C F 

parallel to B H, join the points F, B, with the 

right line FB -, put AH = iw, H B = r, 

AB = », FA = X, AC =r j^, AD =: 2, / for 

the length of the firing DACBE, then 

F C = v^5^Cr^ FH = «i — jr, FB = 

%/S^^*-K*? ^d by plane trigonometry, 

r 
x/iiOZi* +r^ : 1 (radius) : : r : >= 

fin <;BFH = cos < CFB, whence (by Lemma 2.) we havej^* — flf* + 




F+r^ 



m 



^' +r» —2 v/y— ^^x \/^;iv+P X 



;^ = CBs which con- 



tradted becomes s/y^+m'' — 2w^ + r* — 2r ^/y— ;r** = C B. Hence 
DX^+ v^3^^~^* XC +/^xE— yxE — Ex \/y* +m^'-'2mx +r* — ir^yllp ' 

D+C+E 
=: to the perpendicular diftance of the common center of gravity of the 
three weights from the horizontal line AH (by Lemma i.) which mull hi 
a maximum in fluxions with x and y conftant, gives D 2^ --« E ^ = o, 
whence D zz F- Now let the fame expreffion be put into fl uxions with 



z and X conftant, and there will arife C X 



yy 



Vy' 






ryy xE 



oc 



^ AC ACxFC 
^orCx— = . 



v/y*— ^*^ X 
•HBXAC + 



FC 



\/y*+»i*--^2)wx+r»i-'2r y/y^ 

FCxCB 

--— — — r* X E ; if « only flows, we fhall hare 
FCxCB 

— m X y/y*— A^-^ -f r y y X E 

vO'*— ^*'^ v^>' + ^»* — 2 «i'x+ r* -— 2 r \/y* 



FCxCB 



^ 



V^J* 



■n that is 



•AF 



\XC z= 



HBx AF — AHxFC 



X E, confequently 



bCxCB 
ACxFC— HBx AC + FCxCB 



*%' FL 

FCxAH— HBx AF 

aF 



AC 



', which properly reduced becomes 

FH AF 

CB ~ AC' ^^ ^^^ remains, ta fli€W> that when this equation obtaias> 
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one C, when in equilibrio, will obtain the very fame fituation as in the 
former cafe ; but otherwife, the middle weight will be higher than the 
loweft point» and, by its endeavour to defcend, will fo ad upon the greater. 
weight, as to become a juft counteipoife to both the weights D, £, ading 
in their proper dircdions. 



PROBLEM VI. 

TO determine the pofuion of the firing H AGBFDE, palling over 
three fraall puUies fixed in the points A, B, D of the horizontal 
line ABD, when the given weights H, E, appended to the ends thereof, 
fuftain two other known wpights G, F, (fattened to the ftring at the 
points G, F) in equilibrio. 

SOLUTION. 

From the points G, F, draw GL and FK| each perpendicular to ABD j 
put ABrr d^ BD= *, the ftring GAH 
= a, FDE= b and GB F= », BF=x, 
fin < ABG= z, fin < DB F=:jr, ra- 
di us = I ; then, by Lemm a 2» AG =: 

V d'^ '^l mi^'^^ d T^y^T^x} when ce AH 

::= ^g— v/i^ +^^^*— ^ ^ g X ^x} LG= 
n — XX \/ I — z*' and D E = 4 — 

s/b^ + x'' — zbxy^"^ KF=: ;f X v^i^j^* i * therefore, by Lemma i, the per- 
pendicular diftance of the common center of gravity of all the weights from 

the line AD is = ^H-Hxv/^»+^-.~.rf^xi;:^>^ 
H+G+F+E 




+Gx»— *VV- 



whick being put into 

AB 



H+G+F+K 
Buxions with x and y conftant, and properly reduced, gives H x 

~^LG • ^^ taking the fluxion of the lame cxpreffion with x and z 



AG 



xyy _ 



hxy 



conftant, we get F x >— ^ = E x y- ^ , , , that is F x 



BK 
KF 
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= E X jpn- Now let only x flow, then wc have--H x aq -^ 

+ GXv^n^X-* + Fx v/7^ X*-*Ex — ^pp • =0} divide the 

T T? •RTT 

whole by xv for z and jf fublHtute their refpeftive values g^ and prrj, we 

1. u T, BG TT ABxLB .. FK _ BDxBK- ^ BF 
thcnhaveHXAG-«XAGxB5 + ^>^BF+EXBFl^FD-EX5^ 

C Hi 
=z G X^g~Q* But in order to contrafl; this equation as much as may be, 

AB T R 

let the firft of the foregoing equations, viz. H X Tq =G x rg be mul- 

tiphedby gQ^^G^LB ^wehayeHx ^^^^^^g^^Q rrGxgg^ and 

BIC BT^ 17If * 

by multiplying the fecond, viz. F x j^ =E x j^, by fej^ ^ gjj> we get 

FK ^ BDxFK* ^ ^ FK ^^ GL 

F5< Bf«=EXp5^^^g^^i forFxgp andGx^ in the above 

equation, fubftitute their equals thus found, and wo ihall have H x <Tp. 
„ ABxBL ^^.^ ABxLG* _^..BF BD x BK 

-■">< AGxBG -"^ AGxL6xB6 =^><Fg*-^X Bp^^.5 

^ BDxFK* 1 J ju t, ALxBG 

"*^ ^ FDxSkxBP ''"*^^ properly reduced becomes H x ACixLB 

T)K V BF 
= E X pj^ ^ gg ' The fame oonclufions nuy be cafily ol>tained by help 

of the 3d Problem •, for if P be the weight which, being appended to the 
0:ring C B P, would fudain the weights H and G in equiUbrio, it is very 
certain that the fame weight P, being appended to the firing FB P, would 
alfo be a juft counterpoife to the other two F, E ; and confequently, by the 

above cited Problem, ^q * ^Px^q andPXgp=::Exgp} cxter- 

^ , „ ALxBG ' DKxBF . . . ^ ,. ^ 
minate P, we have H x giJTrJQ =Ex fDxBK" -^^^" ^V C^'^f- ^* 

of the feme Problem, E : F : : BK x FD : BD X FK, alfo H : G : : LB X 

AB _ LB ,^ BK ^ BD ^ 
AG : AB X GL, whence H x ;^ =^ X]j5» and FXp^ =^><FD* ^"^ 

very fame equations as bcforct 
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CoROL. I. If AG B be a right angle, and E= o» then, by the nature 
of the problem, F, by its abfolute weight, muft fuftain G and H in eq.uU 
Itbrio, and confcqucntly F : G :,: GL : BG. 

CoROL. 2. If AGE and BED are right angles, the abore general 
« . ,^ AB ^ LB ^ BK - BD 

equations will become H :k aG^ ^LG* *^ ^ KF ^ FD ' 

^ KF • GL . „ ^ KD AL ^^r,rr 

F X BF~^^BG* ^"^'^^^ H : E : : pr^ : jjq : : un <; FBK : tan 
<5GBL. 

CoROL. g. If tWo bodies G, F, fuftain each other upon the inclined 
planes G F, F B, by means of the ftring G B F, whofc parts G B, F B> are 
parallel to thofe planes refpedively, then the preffures of the bodies G, F, 
thereon, will be in the direft ratio of the cotangents of the angles of eleva- 
tion of the planes above the horizon. For H and E reprefent the preffures 
of the bodies G and F againft the propofed planes ; and thefe are by the 
laft Corol. in the ratio of the tangents of the angles FBK, G B L ; there- 
fore, as the tangents of angles are reciprocally as their cotangents, it follows, 
that H is to £ in the direct ratio of the cotangents of elevation. 

Corol. 4. The general relation of H to E, the angles AGB, BFD, 
.. ., ^ r . ^ .fin<AGL fin<DFK ^ 

bemg either obtufe or acute, is that of fi^ ^ BG^'L ^^ fi — <^ r piC * 

. . , . TT ALxBG ^ DKxBF AL ^BL 

m the general equation H x ^(^xLB =^^ FDxBK' AG *"^ BG 

bk dk 

are refpeftively the fines of the angles AGL, BG L, as are alfo g^, ryp 
thofe of the angles B F K and D F K, radius being unity. 



■V 



PROBLEM VIL 

TF at the ends of the thread DAE, moving upon the Exed tack A, there 
\ are hanged two weights D and E, which defeend through the obliqae 
lines CD, BD, to find where thefe weights arc in equilibrio upon tholie 
oblique lines. 

SOLUTION. 

Suppbfe the problem dope» and DAE the pofirion required. From the 
point A to the oblique lines, let fall the perpendiculars AC, A^, and let 




so Jtn eiify INTRODUCTION to the 

the lines EG, DH, crcacd from the weights perpendicularly to the hori- 
7joT\y meet them in the points G and 
H i through the point A draw S P pa- 
rallel to the horizon, meeting the ob- 
lique lines D C, E B, in the points N 
and M. Put c for the length of the 
firing DAE, ^=:AB, ^zrAC, ^=BM, 
let BE : EG : : I : r, and CD : DH : : 
I : /, C N = i&, A E = x*, then will 

AD = r— ;^, B E i= y/x^—a^) M E 

— y/lF^^^'-d. ButMEiES : : 
£ G : B E, by the fimilar triangles 

BEG, M E S, that is, E S = '^liLUflZZ, and by the ^me way of rea- 

foning wc have D Pr; XJ_f — 1 Z j therefore DP x DI+ SE xE, the 

whole divided by D + E, which, by Lemma i, is the ^iftance of the 
common center of gravity of the weights, from the horizontal line PAS, 

MiK /r^u Dxv/.^ *— ^-^--Dx^ E x v/x'>-^> '-^E X ^^ 

w;ll be expreffed by • 1 j -- , 

the fluxion of this being made equal to nothing, and the equation properly 

ordered, gives D >< ;7^=p = E ^ ;;;^f=^' O"" » X t^-^^- = 

AE 
^ ^ r X B E' 

Sir Ifaac Newton*% method of folution to this problem, fee page 158 of his 
Univerfal Arithmetic. 

The force by which the weight E endeavours to defcend in a perpendi- 
cular line ; that is, the whole gravity of E will be to the force by which the 
fame weight endeavours to defcend in the oblique line BE, as GE to BE; 
and the force by which it-endeavours to defcend in the oblique BE, will be to 
the force by which it endeavours to defcend in the line AE, that is, to the force 
by Which the thread AE is diftended or ftretched, as B E to AE ; and con- 
fequently the gravity of E will be to the tenfion of the thread AE, as GE 
to A E ; and by the fame reafon the gravity of D will be to the tenfion of 
the thread AD, as H D to AD. Let therefore the length of the whole 
DA + AE be.i-, and let its part AE be =: y, and its other part A D will 
htzzc^^. And becaufe AE»— AB»= B E*, and AD*— AC*=CD* ; 

!et moreover A B z: /?, and AC — bj and B E will be = s/x"- — aa^* and 

CD =: y/x"^ — icx + ic — bb. * Farther, fince the triangles BEG, CDH, 

are 



I 



^>, 



THEQRy and JPractice £/* MECHANICS, rai 

arc given in fpccic, let BE:EG : :/: E, andCD:DH : :/:^, andEG 

E _ tr - 

will be equal to y x%^^* — ^% and D H = y X \/x;f — zcx + ^r — ^^. ' 

Wherefore fince GE : AE : : weight E : tenfion of AE, and HD : AD : : 
weight D : teofioo of AD, and thofe tenfions are equaU you will havd 

Ex ^ ^.^ ^ -^^ Dc — Dx 

=^ =: tenfion of AE= tenfion of AD= iT 



^^•*»i«> 



jXx/x^*-^'' ^ jX \/x'—2CX +cc—i^f^ 

from the reduftion of which equation there comes out ^xx x into 

^/xX''2CX^cc-ii'=Dc-Dxx\^^x^aa;oT If. x^ ^^^^ x' Z^Scc *?* 
•^iDDcaax+iyDccaaz^io. 

If you defire a cafe wherein the problem may be conftrudlcd by a rule 

BE 

and compafsy make the weight D« to the weight E, as the ratio g^ to the 

CD 
ratio ^Tty and g will become = D j and fo in the room of the precedent 

^ui a c 

equation, you will have this — rv xx*— zaex-^ aa cczz o, ot xzzi —j^ 

E;c D r«— D;c 

" The above equation, viz; i >-, ' ^ = g "" /-r— . * ll\ 

ExAE DxAD 
^^ ^ xBE ^ ZTxDC^ "^*y ^ eafiiy Ihewn to agree with that derived 

by our method, by writing r, for -7, and i for ^, to which they are equal, 
the other parts being exactly the fame in both equations. 

PROBLEM Vlir. 

AT the fixed points A, D, S, P, fituated in a vertical plane, wherein 
ADH is an horizontal line, are placed fmali pullies over which the 
threads QA a^ QjD i, Q^P r, and Q^S i, freely fiide. To the ends a^ h 
c^ dy of thefe threads, are appended the given weights a^ hj r, d^ the other 
ends arc fattened .to a given weight Q^ Now it. is required to determine 
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the poHcion of the weights, whm the middle one Q^ fuftains the others ia 
equilibrio. 



alTc 



SOLUTION. 

Let the polition In the figure repreient the required ooe, £rom Q^draw 
F perpendicular to ADH; draw 



alio WQT parallel to AH, and pro- 
ducers to I, f P toH. Put ADzzn^ 
AI = w, DH = /, IS = /, HP z= r, 
A, B» C and D, for the refpedive 
kngths of the firings QJV tf, QD *, 
&c. X for FQ, and y for F D, then 

QP= \/;tf* +^s ^D^ = B— \/x' +^%^ 

An = A -^ y/^^^ -y V Srf = D 

— V^^5[+pi%^ and Pr = C 

— v^5^*+r^**? hence, by Lemma i, 
the perpendicular diftance of the 
common center of gravity of the 
five weights from the horizontal 
line A H, will be exprcffid by 




n 



+x»' 4-^B — * ^x^j^yf^ er+ c 



e \/rH*+;:=^ H- 



^^^^^^^^Q^ ^=^. which, being a maximam, put into 

fluxions with y conftant, gives when properly reduced a x "To ""* ^ on 

TP SW 

= 0:— f X^Tp~<'XgQ, and by putting the fame expreffion into 

fluxions with x conftant, we (hall have a x Tq + <^ X -qQ= h X 7515 

— <Xp^. 

C o R o L. If i and « are each = o, ttie firft equation wHt become 
FQ. I FQ> r^ A ^ c J AF . FD ... 
* ^ AQ"*" ^ QP ~ ^ ** ^ ACL~ ^ QP* *^ 

adly agrees with the folution to the 3d Froblem. 
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PROBLEM IX. 

uring 

SUPPOSE a given wdghtC Q> be fufpended by means of a 
to a given point R \ and fuppoSng two octier given weights A and B 
to ad upon the former hj two ftrings paffing over two pullies at the given 
poiatt P, Q, in the fame horizontal line P Qj 'tis required to &nd the po- 
fitioo of cacE wei^t when they are in equilibrio. 

SOLUTION. 

Tbroi^h the point R, draw a rigbt line D R M parallel to P Q, ; and 
jrom the point C, the fuppofed pofition of the given weight C, draw C N 
perpendicular to DM. Put PR= a, 
k Q= h, R C=: ^, L and / for the 
lengths of the ftrings CQB, CPA, s 
ana « for the fine and cofine of the 
ande PRQ. m and n for the line and 
cofine of the angle QRM, x for iJw 
fine of the angle CRQ. radius :r i } 
then the fine of PRX will be ex- 
pre0ed by j v^i— ^ xx * — e y, and 
its coTue by c v^i — xx + i * j 
wben<x, by Lemma 2d, PC =: 

CCi,= s^bb-\-dd-^ zbd vTTIi^ihe fine of the angTe CRN is iw+w y'l-^*,' 
therefore CN — dnx + dm y^'i— »*? confcqucntly, the diftance of the 
common center of gravity of the three weights from the h orizont al line 

D M ^rill, by Lemma i, be cxprcfled by C ^ »x + C dm^/ x—xx' + LB 

^ ' A-hB+C 

• — B \^b^ +d' — zfid X v^ 1 +y/+/A— ^A xv^a'^+d' — tadc »/T^^:7*~zadix ^ 
~ \ ^^ A+B+C ' ' 

which being put inu. fluxion*', and properly reduced, gives this equation. 



p X A. Now it is very evident,. 

bx 
that fQ IS the fine of the angle RCQ^ or, if RC be produced, the fine 



Z4 ^ eafy INTRODUCTION to the 



of QpC, » vi — XX — mx is the fine of the angle RCN, or its equal 
SCO, made by producing NC, as it is eafy to prove; and laftly, bccaufe 



J v/i— XX— rx expreflfes the fine of PRC, 



a 



sy/ 



x' 



a ex 



PC 



prefs the fine of the angle PCR or PCO, therefore B x fin 
C X fi n <; S C O = A X fin <; P C O . 



win ck- 
QCO — 



This problem was propofed in a tre^tife called the Mathematician, and 
there anfwered in the following manner : 

Suppofe the weight C to move in the arch m n^ towards m, with a velo* 
city €xprefled by unity j let R C produced, meet PQ^in O, and let G S be 
perpendicular to P Q^; then the velocity of C, in the perpendicular direc- 
tion C S, being to the abfolute velocity as radius to the cofine of / C S, for 
the fine of the angle SCO) will be exprefiS:d by the fine of S C O, there- 
fore the momentum of the weight C in the direftion perpendicular to the 
horizon is C X S C O. Moreover, the velocity of C in the direAion C P, 
(or the velocity of A in the diredion of the horizon) being as the cofine of 
/PC (or the fine of P O C) will be exprefiied by the fine of the angle 
P C O, and the momentum of the weight A towards the horizon will be 
A X fine P O C. In like manner, the momentum of B from the horizon 
v/ill be exprefled by B x fine of the angle O C O ; but when the weights 
are in equilibrio, the momentum of the two former muft be equal to that 
of the latter, or C x fine S C O + A X fine PCO='B X fine Q[C0, Which 
cxadly coincides with the former folution. 

CoROL. I. If C = o, then A x fine P CO = B X fine QCO, which 
is the cafe of the balance of unequal brachia ; but if A == B, then 
it will become the. fame as the common balance, and RO will bifedt 
PCQi 

CoROL. t. If B = o, then A x fine PCO=— C x fine SCO, in which 
care C will be on the other fide of the perpendicular R F ;' therefore if 
A = C, the line C O will bifeft the angle PCS. 

-CoROL. 3. But if A= o, then C x fine SC On B X fine QCO j there- 
fore when C p: B, the angle iS C O will be equal to the angle QS- O- 
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P R O B L E M X. 

TO determine the pofition of a beam C D, moveabfe about one end C 
as a center, and fuftained at the other end -D by a given weight Q, 
appended to a cord Qjl D, pafling over a pulley at . a given point A, 
placed in the horizontal line AH. 



SOLUTION. 

Let G be the center of gravity of the 
beam -, alfo let D F, G K and C H be per- 
pendicular to AHj draw DS parallel to 
AH. PutDC=i, An = by HC = p, 
CG=a, DG=^, AF=x. the cord QAD 
rn /, and the weight of the beam = w. Then 

b 




TG =z "2 X s/dd—h-x^'y and AD = \/ p^^d*^pZ:i'-—2p s/'ad—bl-x^^+xx) 
and by Lemma the firft, Q/— V^j^^H-^' —^Z;* — a p a/^>— ^fv'"* + ^ 

-JL-£ . is the perpendicular diftance 



^ n 



Q+«; 



of the common center of gravity of the weight and beam from the hori- 
zontal line A H, which muft be a maximum, in fluxions gives, when the 

whole is divided by x, Q^x x/dd—JH^ 



X 



b—d 



\/pt+d^^h^x*—2p V'/^*—^— " + X' ^ 



zz w 



X 



*~^ .u • CGxFH ^ HCxFH— AHxCS 
> that IS, — :^Z7^ — X Q =: 



v/^* — h^Z 



h — jr ; 



DC 



AD 
DF 



Xw. Now by plane trigonometr}', AD : i (radius) : : DF : ^. = fm 
<3 DAF, its cos ^. The fine of < DC S is gg, its cofine ^, fm 

< ADS is -j^y that of < SDC is ^, coGne jj^ i hence ^H) ^DC "" 
CS AF DS 

DC ^ AD* " ^"* '"'^ °^ '^® ^"S^*^ ADC. The fine of < HC D is ^, 

H 



^ 




e6 
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DFxDS-CSxAF 



therefore the fine of < ADC is to that of < FDC as 




to FH. But AF+FH x CS— HS+CS x FH. that is, AF x CS— DF 
X FH is equal to SC x AH—HCx FH, confequcntly w : Qj : fin < ADC : 

CG 
g^xfm<FDC. 

Mr. T!himas Simpfin^s method of folutlon, fee his Fluxions^ page 157^ 

. Let C be the center of gravity of the j\ V J<^ i| j^ 

beam ; alfo let DEGK, &r. be drawn as 
before. Put AH=tft CH=^ CD=f, 
CG—dy lyiszzx^ f^L^jtf and the weight 
of the beam = w. Then AF = a — jr, 

DF = 3+ x^ and AD = \/AF** f-DF*^ 

IT \/a* — 2ay+jy+ii+2^X'^xx^^ which 
(becaufe j^»+x*= cc) will alfo be equal to 

%^^F+3m^7m^2^^^= V^+a^x— 2tfj? (by putting ffr: aa+ H+ic) 
nhofe Qnxion />ii'; ..^j ' _'_:"i hito QJn the momentum of the weight Q^ 



fuppofing the beam to be in motion. Moreover^ becaufc D C : D L : • 

dx dx 

CG : GI, we have GT= ~, whofefloxion— naultiplied by te;, is the 

momentum of the beam itfelf in a vertical diredtion. Wbesefope^ making 
thefc momenta equal to each other (according to the principles of mecha^ 

mcs) we 6^^V/+2^x— 2^ ^ ^^^ xV/'+ 2*^^—2 «>* But fince yy ^ 

XX— c<, we have lyy+ixi — o^ or— j^z: — j and therefore (by fublU- 

a XX — -,^-_«^— . 

tution) bx -\ — X f Q =: dwx y/ff-^-ibx^iay} or by + ax x f Q = 

dyw x\^Jf+2bx — lay,^ from whence and the foregoing equation x^ -i-yy 
= ccy both X and j^ may be found. 

The fame otberwife. 

It is evident from mechanics, that the force which a<fting in the direc- 
tion D F, would fuftain the end D, is to the whole w as CG to CD, and 

CD 
is therefore =: ^ xw. It is likewife known, that two forces a^ing in 



TmtoMY anJ Paagticb of ME CTH ANTICS; 07 

diSertnt dire&ioas DF aod DA» lb as to have the fame effi:6k in fuftdmng 
D C, or cauling it to move about the point T^, muft be to each other in- 
rcrfdjj as the fines of the angles of incidence FDC and ADC ; therefore 

CD 
wc have fine FDC : fine ADC : - Q : pg xw, ftom which given ratio 

of the fines, the angles themlelves may be found, by an algebraic proceis 
independent of flaidons. 

C o R o L« If the pofition of C D be fuppoled ^ven, and the tenfion of 
AD (or die weight Q) be required^ then, from the forgoing proportion, 

- t'r\-/^ f^{^ 

WC fliall have Q = adC ^CD ^ ^* ^hich will alio exprels the tenfion 

ef AD, when the end C is fud^ned by a cord BC, inftead of a point at C. 
Whence it follows,, diat the teofions of the two cords A D, B C fuftaining 

a hc^m or rod CD at its extremes D and C, are txprtncd by ^ Ajvp X 

CG ^jHCD DG :, . r u t CG 

qqXv^ •"^^ TbCD^CD ^^' therefore are to each other as j-^-^ 

"ilCD* w^^DxCGtojADG 
FDC« and that 



PROBLEM XI. 

LET BC be a piece of wood of an indefinite length, moveable about C, 
I as a center ; to find the angle BAC, which another piece AB of a 
given length (p ) molt make with the horizontal line A C, to fupport the 
piece e B with the greatcft calc, the weight erf the piece C B ; and C G^ 
the diftance of the center of gravity from the point C, being given equal to 
w and a relpe6tively. 



solution: 

It appears by the laft problem* that the force 

ading in the diredion AB, necefiary to fupport 

the piece CB at any propofed elevation above the 

cos <Z ACB 
horizontal line A C, is equal to ^ — ABC ^ 



B 
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rr^ X w. Let s and c be the fine and cofme of the angle BCA, x the fine 
of the angle ABC, radius = i ; then, by plane trigonometry, we have 
^ : /> : : X : — zr AC, and cx.-V s v/i — a:a* = fine of the angle BAG, 

and again, s \p \ -. ex + s v i — xx^* — X ^-^ + J v/^— ^^^ ^ BC, whence 

1 * f^*^ ^ r COS ^ ACBxCG t' u "I r . 

we have-; — .-^ > for 7 — J^ ap.^ un > ^"^^'^ ^"^ ^^ ^^^ 

Ji y^cxX'^'SXx/i'^xx iin <J ABC x BC 

leafl: poffible when the* denominator is a maximum, in fluxions icxx + 

2S5xi: — ^sx^x , 2J*;v* — j* 

.. I . zzL o, whence 2 r n ; — . ^ , and therefore ±x x 

2 v/iJX^ — ssx") -^v** — ^a:*^ 

r:4y* + jj; by compleating the fquare^and proper reduftion, we get 
X zz. I ^"^^ ; let this value of x be fubftituted in rx+ j y/i — x^i which 

expreflfes the fine of BAC, and there will arife c^ J i±i + s x J i^ 

r 1 r-j r '^ t • ^Xv^^-hi' +>/«--<'* X\/i—f' ,, .. 

for the faid fine or its equal, vtz^ -^=5 ^ — (by writ- 
ing v/irrp for s) which contrafted becomes ^^"^"^ .^ — ^ — or " — r^i 

whence it appears, that the angles at B and A will be equal, let the angle 
of elevation BCA, length of the fupporter AB, and diftance of G from the 
point C, be what they will. 



PROBLEM XII. 

LET AC be a piece of wood of an indefinite length, moveable about 
the center C ; to find the angle C S O, which another piece O S of 
a given length (m) muft make with the horizontal line C G, to fupport 
the piece A C with the greateft eafe ; alfo the weight it will fuftain, and 
the value of the angle ACG *fcrhen the faid weight is a maximum, the 
weight of the piece A C and R C, the diftance of the center of gravity 
from the point C being given equal to n and C refpedlivcly. 



S O L U- 



F 
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SOLUTION. 

It is evident by the laft problem, that O S will fupport C A with the 
greateft eafe, when the triangle SCO is. 
ifofceles, or SC = OC •, and by Problem X, 
it appears, that the force acting upon the prop 

c« .«L /rji- co8<rACSxCRxC 

SO, will be exprefled by ' fi^ <;;2 SOC x CO * 

Now let X be the Gne 'of half the angle 
O C S, to the radius i ; then y/T^I^ ■=. co» 
of I <J OCS, and 2X v/r^= fin < OCS ; 



therefore its cofine is v/i— 4jr»+4**.» Again, 

: I : — = C O, an4 confcquently 

co»< ACSxCRxC 
fin<SOCxCO 



n 
X : — 

2 




c 



, is n C X/ ^, ^^t^^ « 9 which muft be a maxi- 






mum ; therefore the flmdon of the cxpreffion''^ ^ ( wherein y = 

XX ) being made n^o, we have Sj'+Sjf — i6yj — i = o, • . *yzz i ; in this 
cafe it appears, that the angle OCS muft be 90 % fo diat this value of y 
gives the minimum ; but to find the maximum from hence, let the cubic 
equation above found be divided by jr — \^ and the quotient Syy — 1 2y+z 

muft be equal to nothing; and therefore J^ = I + x/^ and x = 4379* 

• . • the angle OCS is 51^ 50'. 

Mr. Simpfnf% method of Iblution to this problem, fee his Fluidons,' 

Suppofe R« perpendicular to CR, «»« to Rff, and'CD to OS; and 
put die fine of the ^ngle C Rm ( = Rm/i) z= x, 
radius =1, and the required weight j= y. Then 
by the laws of mechanics, as R m : R ji ; or i : ^r 
imi (nx) the prefiure, >irhich a power ading at 
the point R in the direction ^ n^ muft fuftain to 
fupport the beam AC : but as CO : CR {c) : : 

£ ft JC 

nx : ^^ the force required to fupport it at the 
point O, in a perpendicular dire£)ion ; hence as 
CD : CO • = ^ • ^ ^^^^ weight fuftained by 

I 




L 



-r — — *-- 
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the fupporter O S, which will be the leafl:, when the perpendicular C D is 
the greaceA it can be, and that will confequently be when the angles O and 
S are equal , let the angle A C G be what it will ; but by the elements of 

trigonometry, i + ^ : s/x-^xx^ : : ' = ( ^ -r^ } the tangent of the angle 
O C D, hence as J^ : — (O D) : : f : ^ V— = CD; therefore 






^ is equal to — ^-^ / 1^ — 7, which put into fluxions, and reduced 

Xy will be found = 61799, == ^^ cofine of 51^. 50'. which is the value 
of the angle A C G, when the required preflure is the greatefl: polBible. 



PROBLEM XIII. 

IT is required to find the pofition of the beam D P (whofe length D P» 
and place G of its center of gravity are given) when it is fuftained by 
means of a ftrihg DB, of a given kngth feftened to the end D of the beam, 
and to a fixed point B ; f he other end P of the beam leaniag againft a wall 

K C P, perpendicular to the horizon. 

/ ■ 

/ r 

SOLUTION. 



From the center <Jf gr2fvit7 <5 dhiw G F pardlel to KC P, "iftd from P 



draw P £ parallel to the horizontal line 
A B F C i upon C D produced let fall from 
D, the perpendicular DA. Put -B C = a, 
Bb=^, DP = /, PG = w, DG = «, AB 

=: X \ then A D = \/bb — xk^ a nd ED =t 

W*— J+^%"* therefore AE 5= \/^*r-x»^— 

>/F^^^^ = F H, to this add H G = 



m v//7II^^77 we have F G = 









X 



•mi 




*a'^x 



rn 



I 



! which, being the defcent <Jf the center of gravity, muft be 



, . n. ^ut • fl • ^^^ nya^xyix , DPxAB 

the greatefl: poflible, in fluxions >■■-> — ■ « s=ss.; hence 

ACxDG , . , ^^ ^^ DG E't) 

zz ■ pQ ■" J a^'^d confequently AB : AC : : g-p : -r^. . 



AD 






■ A 



*<HMl 
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^ »> «^ . *DG ED » t/i 

C o R o L. 1. If B C := o. then — — — or — zz . 



• ' 4( 



=y 






CoROL. 2. rf DG=:GP (BC ftill = 0) then ADr: 2ED. 



'^ 



PROBLEM XIV. 

TO determine the pofitlon of the beam D C, when fuftained at reft b/ 
the inclined plane A F, and firing B C, faflened to the beam at C ; 
the other end being moveable (by means of a loop) abou^ the fixed 
point B« i 

SOLUTION. 

Lef AB and FB be drawn, the former parallel, and the latter perpen- 
dicular to the horizon, and fuppofe D C B 
to be the pofition required. .DrawDE, 
C H parallel to D F, and S C parallel to 
A B, produce B C to N. Put A B zz tf, 
FB := *, .CB = /, BG = (G being the 
center of -gravity of the beam) w, C G 
•nzn^ 3 and e for the fine and cofine of 
the angle FAB, y rr fine of the angle 
ANB, radius = i. Then x \ a i i s i 




sa 



4a 



sa 



- =BN, ^-^/.= NC, wdm + n(h):x:: 



sa — Ix ^ 
I : — : — zz fin 



CDN. ^. • v^j_if^' = cos < CDN, whence the fine of the angle 
SCO is -^^^ /^^^a//^--;;:^^'^^ ^^^ therefore SYi=sac^cx^s^t^^-l^J. 

The fine ofthe angle ABN is ex + sy/x—;,P, HC —lex + Is y/T^T;:^, 
whence the perpendicular diftance of G, the center of gravity of the beam 

fr^nn AT^ x, i^^ac^^rfnlcx+bn^xZZ;;i^ n5^^0r^^ 

irom Axs, IS 2: — ^ _v: ^ which muft be a 

maximum, its fluxion being made equal to nothing, and divided by x^ 
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hisx 



ctvca mlc^^ * -. 

may be determined. 



K^nsx 



M- , k , from whence the value of x 



y/ iS'-^ta—ix' 



P R O B L E M XV. 

TO determine the pofttion of a beam ED, when fufpended at reft by 
two ftrings BE, B D, of given lengths, fattened to the point B in 
the horizontal line AC. 

SOLUTION- 

Suppofe EBD to be the required pofition; firom the points E,D, let fall 
upon AC, the perpendiculars EA, DC; and 
from G the center of gravity of the beam, 
draw GI perpendicular to the line DH, drawn 
parallel to A C. Put B E =z ^, B D = ^, 
EGzi/», GD=:», m+nzuly fm < EBD 
=r J, cos z= r, fin <^ CBDzzz, radius iz.i ; 

then, by plane trigonometry, we have^v^i— ««> 
+ czzz fin <^ E B C or ABE, whence i : 

a : : s y/ 1 ^zz" + cz : as^/i^^ + acz zz AE ; and again, i : ^ : ; 
z : iz zz CD^ confequently the perpendicular diftance of G, the center of 

gravity of the beam ED from the horizontal line AC, viz. -^^ 

X AE— DC + CD (for ED : AE— DC (EH) : : DG : (GI) -^ X AE— DC) 

nas \/i— «z^ + nacz-^bnz+lbz 




is equal to 



/ 



% this by the property of ; 



the center of gravity muft be a maximum, in fluxions , zznacz 



nasz 



bnz + IbZy whence ^ '^ "'^^ zznac'— bn + blj or 



^ I' — zz ' 

nasz 



. , z c bm c bm 

_ p 

If 



- "^ 



f 
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If we defirc to have a folution to this problem independent of the me- 
thod of fluxions, then (according to that general principle of mechanics, 
viz. That if a body be fuftained at reft by two ftrings, as E M, D N, that 
body when at reft will have its center of gravity in the right line, which, 
being drawn perpendicular to the horizon, pafles through the point where 
the fuftaining ftrings EM, DN, being produced, interfeft) G I being pro- 
duced to A C» nauft be perpendicular to it in the point of interfeftion B. 
This being premifed, and other things i^maining as above, we (hall 

have v^i — z^-' for the fine of DBG, and bccaufe the fine of A B E 

is s s/i — zz^ + ^ 2:, as before (hewn, its cofine will be expreflfed by 

y/\^^ss + jjzz — c€ zz — 2 J cz 1/ 1 — «%'' cqual to the fine of EBG. Let the 
fine of BGE. or BGD — x^ then x : a : : fine of EBG : E G, and x : 
t: : fine of GBD : GD; by the former of thcfe proportions we have 

axfmeEBG ^ ^ ^_ , ^xfincGBD . 

X = ■■ p. ' ^ , ana by the latter x =. q^ ; confequently. 



i X fine G B D a y< fme EBG 



GD 



EG 



that is — X V^i— -^ =: 



m 



l/' I— 5 J -hJJ ZZr^CC ZZ'^^IS cz ^ I — aas J* 



N B 



CoROL^ If izza^ n^zfih and. j = i, then z In the former folution, 

P 
which is there equal to >~ — becomes equal to \/^ which fliews that 

the angles CBD, EBA, are each 45«>. The refulting equation above 
will in this cafe alfo give i«— zzzrz^, becaufe when J=:i, cz=.o^ whence z 

is here equal to \/iJ the very fame as before. 

Sir Ifaac Newton^ zipage i6i, Univerfal Arithmetic, fays. It is not al- 
ways neccfiary to folve queftions that are of the ^ ^^ 
fame kind, particularly by algebra ; but from the 
folution of one of them you may moft com- 
monly infer the folution of the other. As if now 
there fhould be propofcd this qucftion : 

The thread ACDB being divided into the given* 
parts AC, CD, DB, and its ends being fattened* 
to the two taeks given in pofition A and B ; and 
if at the points of divifion C and D, there are 
hanged the two Weights E and F ; from the given 
weight F, and the fituation of the points. C and D,, 
to know the weight E. 
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From the foiution of the former problem^ (viz. the 49th in the Unlver- 
fal Arithmetic, and the fame with Problem X. in this treatife) the foiution 
of this may be eafily enough found. Produce the lines AC, BD, till they 
meet the lines D E, C E, in G and H, and the weight E will be to the 
weight F, as D G to C H. Produce H C and G D indefinitely towards M 
and N ; join the points H, G, and fuppofe S the common center of o-ra- 
^ viry of the two weights E, F, the angle ACM =r angle CGD, and BDN 
= C H D- By plane trigonometry, H C : fin < C D H : : C D : 

fin<CDHxCD r ^T^T^XT jrN^ r ^^^^ 

— ^^ = fin < BDN, and DG : fin < GCD : : CD : 

fin<GCDxCD ^ ^^^^^ r 1 rr^ rNo fm < CDB 
^^^-jy^^ = fin < ACM, confequently HC : DG : : fi^^-gg^ : 

fin <! AC M • F : E : : CS : SD. Now if we imagine CD to be a beam 

having its center of gravity at S, let the points A and B coincide, then 
this particular cafe of the above problem exactly agrees with cur's, and 
the very fame ecfuation will arife by fubllituting the fame letters as before, 
and exprefling in thofe terms the ratio of F to E, or that of C S to S D. 

We may otherwife arrive at the fame conclufions, by help of what has 
been already determined in the fcveral folutions to Problem X. For it is 
there fliewn, that the tenfions of two cords AC, BD, (in the above ^ff. 
where AM and BN are drawn parallel to the horizon) fuftaining a beam 
C D, at its extremes C and D, are to each other as fin ^ BDCxDS : 
fin <^ ACD X SC. Let Q^and P reprcfent the forces afting in the dircc- 

AM 

tions CA'and DB refpedlively, then CA : AM : : Q^: -^j. x Q^ = the 

PxBN 

force afting in the direftion AM, and DB : BN : : P : — gjg — =: the 

force afting in the direftion BN ; thefe forces, as they aft in oppofite di- 
redions, muft dettroy each other, otherwife the beam CD could not be at 

reft', hence Q^: P — 0o "• rX • • A" ^ BDN : fin < ACM, but Q^: 

P : : fin ^ BDC x DS : fin <5 ACD X SC, therefore ?^f^^!^^£^^^ 

_ fin < ACM X PS fin < CDB fin < ACD 

"" fin < ACD ' and CS -05::^^^^ BDN' fin < ACM ' 

which agrees exaftly with the proportion deduced from Sir Ifaac Newton^^ 
method, and, the points A, B, coinciding, will give the lame equations as 
were obtained by the other folutions. 
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R O B L E M XVL 

LET the beam DC, whofe center of gravity is in the point G, be fuf-r 
i pendcd by means of two firings DA, CB, faftened to the ends D,C, 
of the bean), and to the points A and B in the horizontal Hne AB; it is^ 
required to find the pofition of the faid beam when fuflained at reft, fup- 
ppfing AD=AQ, DC=CB, and DGizGC. 

A " i ' K H B 
SOLUTION. 

Imagine the fituation of the beam in 
the figure to be the pofition required. 
From the points D, G, C, draw D F, 
GK and GH perpendiculars to AB, 
draw alfo DB. Put A B =: AD =r ^, x^ j 

DC= CB= d, fine of the angle ADF= z, radius = i. X^^^ ^^^^^^ - 

dd — aa-^-aaz . 




fin < ABD and 



y/i— g 



* its cos 



is the cos -^ D C B, by 



Lemma 2, ••• DB = ^ \/% — 2z, ^ whence the fine of ^ DCB is 



, s/^ia^d"- X I— « — ^* X I— x% ^ and a s/z — 2z :d:: 
^ s/zdd — a^ X I — ic^ _ 



dx^ 



=: fin -^ D B C, therefore we have 



dd 
ds/T 



=: cos 



< DBC, and the fine of <J HBC, or its equal ADC, is f^^^4+? x ^^^^~^ 



v/i — 2/. ,\/2^" — a"- X C^ ^ 



d^^ ^ ^ 



v/ 



- , confequently HC z: 



_ v/i+z^X^Xv/i— ' 



v/ 



,FD+HC 
, and — ■ or KG iz 



— 3 ^ x/i — 2* ^ + 



+ \/\ — ^x>/2d'^aax I^^ 
v^ ^ 

^ ' ; this being the perpendicular diftance of 

4 
the center of gravity of the beam from the horizontal line AB, mud be 

a maximum, which being put into fluxions and properly reduced, gives 

■ . zz ' v-. , . ' ... ; from whence, by having a and d given, 

v/i+2 ' s/idd—iaa-^-aaz^ ^ ^ & • 

the value of z may be found by the folution of the cubic eqnationj 
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^na*z^ + Sa^z^ zzm^ — ^ma^z + a^z'^ +»i*2; — 2«i*2S wherein mtia 
put for aa — dd^ and n for 2 dd — aa. 

C o R o L. If a zzdf then 2=0, confcquently A B C D A will become a 
right angled parallelogram ; in this circumilance, no alteration in the pod- 
tion can enfue, by changing the place of the center of gravity of the beam 
from the middle point G to any other point thereof. 



PROBLEM XVII. 

LET ABR and DCS be two fmooth planes inclined to the horizon in^ 
given angles ; between thefe planes it is required to place a given beam^ 
B C) fo that it fhall remain at reft in that pofitioa. 

SOLUTION. 

Let B C be the required pofition of the beam, G its center of gravity; 
Produce B A, C D, until they meet 
in £, through £ draw the hori- 
zon td line H£F ; and from B, C, 
let fall thereon the perpendiculars 
BF, CH. Put J = fin < F£B, 
a= fin < CEH, i»= fin < B£C, 
n zz its cos, radius = i, / r: BQ 
pzz BG, j= GC, and xzz B£, then 

BCE, and 1^^"==^ 



f»X 



= fin 




/ 



7 



= fin < EBC, hence EC 



/ 
= cos < B C E, therefore 

= »x + v//» — m* x\ ' and H C r: ^ y^/* — m'^ a;** -{- anx i confcquently, 

p a v//* — m* X* ' +panx + qsx cxpreflfes the perpendicular diftance of 
the center of gravity G of the bftam B C, from the horizontal line H E F, 
\yhich (becaufe it muft be a maximum) being put into fluxions and properly 

rl 
reduced, gives x = -y====^ (r being put for j / + ^ » j^ whence 



y , ===s > and BE:EC: :r:pam* + nr. 



C0R0L« 



t^j^^^^^^g„^^m^ 



f 
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■ 

Co R o L. I. When BEC is a right angle, m = i, and n = o, confe- 
quently BE : EC : : r : pa^ or qs i pa. 

CoROL. 2. If the angles FEB, HEC, are equal, and BEC ftill a 
right angle, we fhall have szza^ and therefore BE : EC : : q : p. 

C o R o L. 3. If qzzp, or the center of gravity in the trfiddle of B C, 
other things remaining' as in the problem, we fhall have B E : E C : : s 

C o R o L. 4. If from the points B, C, we ereft the perpendiculars BO, 
CO, to ER and ES refpcftively ; and through their point of interfeftion O, 
and the center of gravity G of the beam, we draw a right line, it will 
(when BEC is a right angle) be perpendicular to the horizon ; for in that 
drcumftance, BE : CE :: qs : pa^ by Corol. i, and therefore OC : CE : : 

qs : pa^ and gij X qq = |~ X -^ = — . Through O draw R OS parallel 

to the horizontal line HEF, then will the angle SOC be equal to the angle 
ECH or BEF. Imagine now the .planes ABR, DCS, taken away, and 
the beam B C fupported ftill in the fame pofition by the ftrings BO, CO; 
then by the folution to the laft problem but one, the fine of the angle 

SOC will be exprefled by -yssss^ , that is, by ^, becaufe i* + ^ * = i ; 

confequently the line joining the points O and G, is perpendicular to the 
horizon, and therefore no alteration in the polition of the beam will 
enfue, if the fupporting planes are taken away, and in their room tl^e 
ftrings BO, CO, are made ufe of to fuftain the beam, provided the angle 
BEC be a right one. 

Mr. Emerfin^ at page 7 1 . of the fecond edition of his treatife on Mecha- 
nics, has confidered this problem, where he tells us. That if any body 
whatever, as BC^ or any beam loaded with a weight, be fupported by two 
planes AB, CD, at C and B, the lines CO, BO, be drawn perpendicular 
to thefe planes ; and from the interfeftion O, the line O K be drawn per- 
pendicular to the horizon, it will pafs through the center of gravity G of 
the body. This is certainly true, when the angle in which the planes are 
inclined to each other is a right one, as has been proved above i but as 
Mr. Emerfon fcems to infer, that this property is general, the angle of the 
inclination of the planes being aflumcd at pleafure, it may not be improper 
.to (hew, that it cannot poflfibly hold true, when the angle BEC is either 
obtufe or acut^, unlefs in ibme very particular circumftances i fuch as 



I 

L. 
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"when the ang]es FEB and HEC are equal, or when BG is equal to GC \ 
becauie in both thefe, p and f in the expreflion for the fine of the angle 
SOC will intircly vani(h i but otherwife the value of that (inet which is 
coilftantly the fame with that of £ C H (a given quantity) will vary ac* 
cording to the different aflumptions for the place of the center of gravity 
of the beam % which being manifeftly impoflible» it follows, that the dcr 
terminations in Mr. Emerfoif% 53d proportion and its corollaries, are not 
univerfally true, nor indeed are thofe in the 62d, 63d and 65th propofi- 
tions ; becauie as their demonftrations depend upon the 53d propolidon, 
they are certainly liable to the above-mentioned 
objections. In the 64th propodtion, ic is faid. 
That if a heavy beam, or one bearing a weight, 
be fuftained at C, and moveable about a point C, 
whilft the other end B lies upon the wall BE; 
and if HGF be drawn through the center of 
gravity G, perpendicular to the horizon, and 
BF, CH, perpendicular to BC and CF be 
drawn, then 

The weight of the beam 1 H F 
Preffure at B > H C 

Force afting at C ) C F 

are refpedtively as and in thefe direftions. 

That the whole weight is to the preffure at B, as H F to H C, is true, 
and may be thus proved : Let W be put for the weight of the htzm B C, 
Q^for the force ading in the diredtion BF, (HC) j then, by Problem X, 

W : Q^: : I : g^ Xi< BCA, radius being unity. The triangles BCA, 

BCD, BGF and GHC, are fimilar to each other, whence BG : GC : 
FG : GH, therefore BC : GC : : FH : GH ; again, DA : GC : : HC 
GH by fimilar triangles, confequently BC : DA : : FH : HC. BC : B A : 
I : fin <; BC A, and BC : CG : : BA : DA ; multiply extremes and means, 

we get K^ ~ g-T» hence BC ; DA : : i : g^ xfin < BCA ; and becauie 

BC : DA : : FH : HC, therefore W : (£: : FH : HC, or the whole 
weight, to the preffure at 3, as F H to H C. 

If by a force a6tin^ at C in the direction C F, our author means, that, 
inltead of the beam B C being moveable about the point C, it is to be fup- 
ported by two forces afting in the diredions BF (HC) and FC refpeftively, 
then the propofition will be no longer true, as may be proved without 
much difficulty by Problem XXVIII. 




Mfei 
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Upon fuppoficion that the beam B C moves freely upon the fixed point 
C ; and that inftead of lying upon the inclined plane at B, the end B laid 
upon the horizontal plane A B, then the weight and the preflure at B will 

CG 
be as BC to CG. For, by Problem X,. W : Q^: : fin < BCA : g^ 

X fin < BCA, or W : Q^: : BC : CG. 



PROBLEM XVIII. 

LET ABLCA reprefent a right angled cylmder, moveable about a 
'fixed point A, in the circumference' of its bale*, and fuppofe this cy- 
linder held in a pofition inclined to the horizontal line H R, oy means of 
a ftring CEP (paffing freely over a fmall pulley at E) one end of which 
is faftened at the point C, and to the other end a weight P is ap« 
pended. It is required to determine, by the following data, the angle 
CAR, when the weight P, and cylinder ABLCA, fullain each other 
in cquilibrio. 

SOLUTION. 

■ 

Let EK be drawn parallel to HR, SgK and AT perpendicular to 
HR, the former pafling through 

the center of gravity of the cy* E T K. 

Under ; from ^ draw g F pa- 
rallel to AB; draw alfo FH 
perpendicular to HR, gl pa- 
rallel to it, and M^D parallel 
to AC ; let there be given AF 
= FC = M^ = /I, Fj^rr AM 
=:MB=*, AE = », SK 
=: i&, the ftring C E P = /, 
weight of the cylinder z: «e;, 
fin <C EAS = J, dos = r, rad. 
=: I. Put AT = fin < FAH, 




then 3xv/r ^^= FI, and 4x — ^X\/r:^= HI = S^, whence 
A— ^1 X + i y/i^x*^ =; K P-, But by the elements of plane trigonometry, 
the produft of theTmes of any two angles, added to that of their cofines, 
is equal to the cofinc of their difference multiplied by radius, therefore s x 

+cv/7=^=cos<;EAC. ByLcmma2,\//»»+4«»— 4i»^jx+4awrv'i-;r»'^ 
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= C E whence TV— \/«iiM-4i»' — ^asx — 4,mac ^Z x^x'^'X. P+ hw — amx 
* P+w 

^ ■ ■ is the perpendicular diltance of the common center of grs- 

vity of the weight and cylinder from £K (by Lemma i.) which mud be 

a maximum ; m fiuxions we have — j^masx + ^ ^ X P = 

.^ — I 

^ ,, X W+Jwx X EC, therefore 2tf»iV x tan ^ FAH x ^—lams P= 

^ xECxtan ^ FAH x w— «wEC, and tan <} FAH= I2fi£=:l|£5, 

_ KSxACxP--€CxAFxw 
- ACxETxP+F^xECxto- 

CoROt. X. IfKSr: AC, and ET zz o, or the pulley E placed per- 
pendicularly over A the center of motion, the tangent of ^ FAH will then 

, AOxP— ECxAF x w 
^ «^"^^ ^° F^xECx«> • 

CoROt. 2. If the propofed cylinder is to be fuftaincd by the weight 

P in a dire<5kion parallel to the horizon, in fuch fort that EC flmll be at 

right angles with AC, then K S x AC x P — E C x AF x fe?=: o i now be- 

caufe EC and K S muft in this cafe be equals and AF being conftantly half 

w 
AC, it follows that P = — . 

C o R o L« 3« If the propofed cylinder is to be ftipported in a pofition^ 
perpendicular to the horizon by the weight P, then as the angle FAH 
muft be 90, and confequently its tangent infinite, therefore (becaufe ET 
sz E C) AC X P = F^ X w, and P : w : : F^ : AC, a well knoWn pro- 
perty of the bended leaver, ^ 



wlmmtim*m^lim^<m^tm^mmmmk,mmtmmmm 



^^ ^i- ,. _.^ .. -,^j-^--<,- '- ■ -^J.-fcJL|, 



PROBLEM XIX. 

_ rjr^ofing a, beam C D, moveable about one end G aa a centerj to be 
O fuftained at the other end D by means of a given weight P, hanging 
'at a ftring palling over a pulley at a given point A, vertical to C^ and 
fupported by an inclined plane APK j it is propofed to find the po- 



rjUppi 
v3 fuftf 



fition 



r 
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£tion of the beam and weight when they are a juft counterpoife to each 
txher. 

SOLUTION. 

Becatife the weight P is to be a juft counterpoife to the beam C D, it is 
evident, (hat one and the fame weight which, 
(hanging freely) would fupport DC in the re- 
quired pofition, would alfo iupport the weight P 
at reft upon the inclined plane AK. Let Q^de- 
note that weight, and put W for the weight q£ 
the beam ; then, by Problem X, we have Q^= 
«r GC fin ^ DCR ,, o ,, .„ 
W>^ DHC ^ fin <! ADC > ^"^ ^^ ^^^^'""^ "^' ^^ 
have P : Q^ : : AK : R A (G being the center of 
gravity of C D, and AKK a right angle) whence 

^ V. RA , ^ „, CG fin < DCR 
^=P^AK' therefore WXpcX ^.^^^^ 

^^^A^ = ^^CD^AC' ^^^ P^ DC=:CH=CR-r, AK 
=: J, AR = h AC = i&, C G = w, G D =1 », /for the length of the 
firing DAP, and x for the part AP thereof; then the above equation cx- 

m /— X b 

prefied in algebraic terms will be W x — X ' r =Px — » whence X 

-- smW ^ 

This queftion may be otherwife anfwered, without referring to the pro- 
blems above-mentioned, by firft finding the perpendicular diftance of^the 
common center of gravity of the beam and weight from the horizontal line 
MAS, drawn through the point A, and then making the fluxion thereof 
«qual to nothing. In order to which, draw PL and GS parallel to the 
vertical line RCA, PF and GB perpendicular to it 5 by Lemma 2 

the cofine a£ the angle DC A will be exprefled by j „ v~ ' * G S 




by b 



rrm+bb m — m / *» 



2rb 



SGxW+AFxP 



W+P 



, or i& X W 



zrb ' 

b X 
and A F = L P by — ; confequently. 



2br X W+P 



+ ,-: 



JXW+P' 

is, by Letnina i, the laid perpendicular diftaace required, which, being 

M 
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^. ^ bx mWlx — mVIT XX , 

put into fluxions, gives P x — = t.^ ■ > whence x zz 

sml^—rbb? 



br 



smSV 



y the very fame as before. 



C o R o L. If A K coincides with A R, then s r= by and x bBcome& 
miyV—rbP , rb P 
equal to ^w""' °'' '-'^^W 



PROBLEM XX. 



I' 



SUppofing a beam CD, moveable about one end C as a center^ to be 
fuftained at the other end D, by means of a given weight P, hanging 
at a rope pafllng over a froall pulley at a given point A, vertical to C ; it 
is propofed to find the curve A P K, which the weight muft afcend or dcs- 
fcend, fo as to be every where a juft counterpoife to the beam. 

SOLUTION. 

Becaufe the beam and weight are to counterbalance each other, it is evii- 
dent, that the fame weight {QJ 
which bekig fufpended perpendicular 
to the horizon, will be fu0icient to 
fuftain the beam D C in any pofition, 
will alfo retain the weight P, in the 
correfponding pofition, at reft upoa 
the curve. Let T P M be a tangent 
to this curve at the point P, FT the 
fubcangent, and PS the normal line ; 
from T draw TI parallel to AP, and 
put W for the weight of the beam 
D C, its length equal to r, CG= », 
(G being the place of the center of 
gravity of the beam) DAPzz/, AF 




= X, 



FP=;r, then will FT = "^ 



FS = 



X 



and AS = 



_ yi + xx: 

X ' 



but AP*= xx+yy^ therefore the ratio of Q^to P, which is that of TI to 
TS (by Problem III.) or of AP to AS, by the fimilar triangles APS, TIS, 

becomes \/]F+p to "^-^^^ — , whence Qj<yy+^^ = Px-v \/lF+y\^ 



r 
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and Q^x'^'^===5 = P ^ ; by taking the fluent of each fide the equation, 

wc get (fuppofing no corredion neceflaiy) Q^x 

C G 
with regard to the beam CD, we have, by Problem X, Q^: W : : p^ X 

AC CG 

fin < ACD : fin < ADC, that isQ.X aD = ^ ^ 55^, which expreOcd 

mm mm 

algebraically, becomes Q>c i x-^ — 7) 31 W x — 9 exterminate Qj by 

help of thefe equations, there will arife mrVxz=.nlYf \/x*+7*' — « W x* 
\/x*+jrs' or »r Px ^inlW z — »Wz» f putting zz = xx + jyj the 
equation of the required curve. 

Mr. Simpfnfs method of Ibludon^ fee page 293 of his treadle on 



From the center C, with the radius CD, let a (emicircle H D R be de« 
icribed, and let DB and PF be perpendicular to the vertical hne AHCR ; 
alfo let CD = ii, CAzz*, AH = ^, AFzix, PF =^, HBziz, and the 
length of the rope DAP= m ; like wile let AQj[= i&J be the g^en value of 
X (AF) when D coinddes with H. 

Becaufe the weight and beam are dways in equilibrio, by the hypo- 
thefis, their momenta, and confequently their velocities in a verdcal di- 
re&ion, muft be every where in a conftanc ratio ;^and therefore the 
difl^nce QJF (b — x) adcended by the weight P, will be to the diftance 
HB, deicend^ by the end of the beam D, likewife in a conflant ratio; 
let this ratio be that of b to any g/Ven quantity dy that is, let b — x : z : : 
b : dj and we (hall have db — dx = bz. Moreover, wc have AD* (CD* 

+ AC« — 2 AC X BC) =tf*+** — 2*x i2— z = ^^* + 2^z =c^ + 
2 bzzzc^^^zdb^zdx'j whence AP (m — AD) zzm — \/f * — idb +zdx) 

and therefore y* (AP* — AF*) =zm — v^^* — idb+idx* — xK 



PROBLEM XXL 

LET G be a given weight, hanging freely from the end of a cord CF, 
faftened to the point C ; and let D be another ^ven weight, fuf- 
pended by the cord DFB, pafling over a fmall pulley at £, which cord 



L 
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is fattened in B. It is required to find in what places the weights G and D 
will fettle or come to reft, B C being fuppofed an horizontal line. 

SOLUTION. 



Put the given quantities CF zza^ CB = f, the length of the cord DFB 
zz b. Draw EF perpendicular to 
the horizontal line B C, and put C E ^1 il ^^.—A ^B 

EF =\/^.i— *x, FB 



=: X 



then 



= , \/aa + a — 2 cx^ and DE F = ^ 

-^s/aa+cc — 2rx'+ \/aa — ^^xxj'con- 

_ D ExD+FExG , . , 
fcquently D^G ' ^nicn, 

by Lemma i» is the perpendicular 
diftance of the common center of gra- 
vity of the two weights D, G, from 
the horizontal line B C, algebraically 
expreffed, and put into fluxions, will 

Yi \t c X 

produce this equation, 





aa'\'CC'-^2cx 



n zz DD, m zz D+G ) we have nccaa — nc^ xx iz ma^ xx + mii^xx"^ 
2m cx^. If Giz o, then nzzm^ and our equation becomes cc aa — cc xx 
zz a^xx+ ic-xx — zmcx^i or 2cx^ — iccxx-^a^x^+a^c^zzo ^ divide 
by ^— r, there will arife icxx^^aax-^^aac =0 ; one root of which will 
exprefs CE fuch, that the perpendicular E D pafles by the pulley F, and 
the center D of the weight, when the fame is at reft. The marquis dif 
VHofpiialy ztpage 5 1 of his treatife Des Infiniment PetUs^ gives (when Gr;: o) 
the following folution : 

Call EF, ^i BF, 2; then will b — z+y zz maximum, and (oj zz z. 
Now it is evident, that the pulley at F does defcribe a circle CF A, about 
the point C as a center; and if /R be drawn irom the point /, infinitely 
near to F, parallel to C B, and /S perpendicular to B F, therefore will 
FR z= J/, and F S rr 2J, which are confequently equal to each other-, and 
fo the little right angled triangles F R/, FS/, having the common hypo- 
thenufe F/, are equal and fimilar ; whence the angle R F/ is equal to the 
angle S F/, that is, the point F muft be fo fituate in the periphery F A, 
that the angles made by the right lines E F, F B, with the tangents- in 
F, be equal to each others or elfe (which cotnt^ to the fame) the angles 
:BFC, DFC, equal. 

' [ This 



d^ 
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Xbi» bttog pismHed, if you duaw FH (b^ that ^« aagje FHC bi^ equa) 
to. the angle. C F B: or CFD, the triangles^ C B F, CEH« winb«QmiUn 
as alfo the right angled triangles EC F, £F H } lince tbe ang}e C F E it 
equal to the angle F H £^ each of them being the complentent of the 
equal angles FUG, C F ID^ ta twa right angles, and confequently C U=. 

r=x — - ) : EF 0; : EF O) : : EC [x)-^ whence xx—^ 
zzjyzi aa — xx^ from the nature of the circle,, from whence arifcs 



— , and H E 



aax 

c 

the Amt 



i*i ■ 



PROBLEM XXII. 

OTHER things rcfliaining a^ ia thie laft problem, let the points C 
and B be ficuated out of the fame horizontal hne ; to determine the 
pofition of the weights G and D> wheo they, fuftada.eacb odier in ec^uTthciat 

SOLUTION. 

Draw C K and B K, the former parallel, and the latter perpendicular to 
the horizon. Draw alioFE paraUol laKB^ 
and BS toCK. PutFCzitf, CBirrtf, CK 
zzntj K B = ;i, b for the length of the* cord 
D FB, CE - X i then EK=SB= mr^Xy EFzz. 

y/aa — xx^^ndi SFzz a/S*— ^ — », confequently 

FB = y/g*— y^ +»*~2» \/^ *'^r^ + ii ^;irr and 

ED :=: y/iCTip + i— \/4* + ^-^T*—!^ 

. , ,, ■ -. y hence PE X D -k EF X G 

which, by Lemma i,. is the perpendicular dif- 
tance of the common center of gravity of the 
two weights D, G, from the horizontal Jine 
CK, being cxprcffed in terms of x and given 

quantities, put into fluxions and properly reduce 




, y , . , , ' , ,j , whence D+G x CE x FB=i D x CK 

X FB^- DjiBK X CE. If G = e, our equa^a becdmes D x CE X FB 

N 
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= D X CK xFE— D X BK X CE, or FB + BK x CE = CK x FE ; in 
which, if B K = o, or the points C, B, in the fame horizontal line, we 
fliaU have FB x CE= CK x FE. 



1 



■*• 



PROBLEM XXIIL 

LET ACMFLBA reprefent the middle feftiors made by a verti- 
cal plane, cutting the pyramidal fruftum MDEFM, and the equal 
parallel opipedons AC, BL, which (being moveable about the fixed points 
A, B, in the fame horizontal line) fupport the fruftum, by leaning againfl: 
the fides MD, FE, thereof. It is required to determine the angle CAB> 
or its equal LB A, when the fupporters and propofed fruitum are in equi- 
librio. 

SOLUTION. 

Bifeft MF and DE in the points? and O^ draw POG, which wUI be 
perpendicular to the horizontal line AB. 
Join the points C, L, witb the right line 
CLT; kt the middle points H, I, or 
centers of gravity of the fupporters AC^ 
B L, be joined by the right line HI; 
then S> the point where it interie£U the 
perpendicular P O G, will be the place 
of their common center of gravity* 
Through C draw QjCR parallel ta ^ 
P S Q, and let K be the place of the ^ 
center of gravity of the fruftum. Put 
AC=BL = ^, AB=^, MP = PF=:r, PO=a KO = r, sforthe 
fine of the angte FMD, radius = i ; the weight of AC z:/i= that of 
B L, w for the weight of M FE D M ; and let x be the fine of the angle 

CAR Then ax = CR= TG, — - = SG= ST, and i r a : : v^i— x*' :; 




h 



tf vT— 53?= AR •.• h — las/^i — xx*z:CL, c +« v^i — xx^ =: 

2 



MQ^ \/i — ss :/r : r — — + tf%/i — xx : QJC = ^ 



= PT^ let m zz ii— =L> and » =: 



s/v^-^ 



as 



\^T= 



ss 



>A 



-SS 



r 9 tken PT =: w+ «\/i— ^ 



J 
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T0=: e — (»— « v^i — xxi and KTn r—r + » + » \/i~XAf,' whence KS 
=s ^ +r— *+»+» v/i— x;{.' But 2/+ w : 2/ : : K S : A K, (A being 
the place of the common ceirter of gravity of the three given bodies, viz. 

the two fupporters and the fruftum) equal to 2/+w ^ 

(ax+2fr^T=:^ ^^ ^^^^^^^ ^G ^fax+wax+wr-fvc^m 

2/+W 2/+W 

+ wnx/i-'xx _ ^jjj^j^ jj^jj^ jl^g diftance of the common center of gra- 
2/4-w ' ** 

^vitf from the horizontal line AB, mud be a minimum v in fluxions we 

^ • 2tfX wnx 

have /iJX+ wax — w» x ■ ^ ^ = o, or fa -{-wa zz > ■-^' ; and 



by reftoring the value of », we get<-lt!^ -^^^^ =: y— — , , that is, 

-^t^ X tan < MCO = tan < CAB» or its equal LEA. 

CoROL. I. If the angles A CD, BLE, are right ones, then the tan 
-^ M C Q^ = tan ^ CAB, and confcquently f+w becomes^ equal to w, 
and therefore / 1= o ; which (hews, that, when the fupporters AC, B L, 
are perpendicular to the fides M D, E F, of the fruftum, they will ( if 
fufficiently ftrong, and the points A and B do not give way ) fupport the 
Iblid fruftum M F E D M in that pofition> let the weight thereof be what 
it win. 

Corol; 2. If/= w, then the tangent of the angle CAB will be 
double the tangent of the angle M C 



PROBLEM XKIV. 

IF A C be a horizontal line upon the point C of which ftands an up^ 
right parallelopipedon CD, one of the plane furfaces of which^is per- 
pendicular to AC } it is required to find the angle CAB, in which a long 
felid A B (whofe end B is fupported by the plane C D) will be fuftained'. 
in equilibrio by means of a weight P^ appended to the end P of a ftring; 



Y 
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end is faltened to the extremity A of that foM^ 

SOLUTION- 

From any point D in CD, draw D£ parallel to the horizontal Hoc 
A C ; and from G, the center of gra- 
vity of the beam or (olid AB, let 
SGM, GF, be drawtt panrilc! to C D 
and A C rcfpeftit^ly. Put A G = iw, 
GB=: », m^nzzd^ W for the weight 
of A B, / for the length of the ft ring 
ACP, i^ = CD, and x = Be, then 

we have d \ x \ \ m \ — r = G S,. 



d 



mx 




whence MGrri*— ^, ACr: y/dd^x»i 

CP z:z I — ' \/dd — xx^ and therefore 
DP=i&+/— %/i^ii— x;c? conftqtrently 

MGxW+DPxP IZf xW+* + /--v/^^--x;r^xP ^hlcb 

fay Lemma f , id the perpendiarlat diftance of the eommoA center of gf^r- 
vity of the folid A B, and weight P from the horissontai line D£^ muft be 

wt^fJx P X XX X 

a maximum ; in fluxions-— -—j*- ^* 'y^T**'''*^ ^ ^ whencse ■ % n ■ .^ 

= ^ X -pr = tan <^ BAQ to the radius d. 



X 



CoROL. If W =: P, and ivi ;ris then . . 

Vdd—xx 

angle B AC r: 25^ 34. 



and t^e- 



i^ipi 



PROBLEM XXV. 

LET RCB be a perfeA cylindrical inflexible rod, or leaver of the firft 
kind (commonly called a Veftis) moveable about a fixed point C ; 
to the end B of this rod a given weight B is faftened, and to the other end 
R a ftring of a given length, palfing over a fmall pulley placed at a 

certain 
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certain point F, It Is required to find the pofition of this rod, when it rs 
fuilained in equilibrio by means of a known weight G, appended to the 
end of the firing R F G. 

SOLUTION. 

Let RGB be the pofition required, and LPO a horizontal line drawn 
at any diftance from the point C; to this line, 
from the points B, C,F, and R, draw the perpen- 
diculars B L, C H, F P and R O, draw B N pa- 
rallel to LO, cutting the perpendiculars in D, E, 
and N. From F draw F S perpendicular to 
FEP, meeting N R, continued in S; and put 
BC=»f, CR = », FP = r, DE=HP = p, 
B R = ^ CH = a, / for the length of the firing 
RFG, X for the fine of the angle RBN to 
^e radius, i ; then will HR :=. dx^ B N rr 

^y/i —yy/D C = miCy BD = « y/ i— xx/ BE yi 

= m\/i-^xx"+pj FSn EN 3= »\/i— x;v — />. 

DHn BL= a — mXj FE= r^a+mx^ RSnr — 

a^^nxj or i—ifx (putting r^-^a^b) whence FRn \ / '^^^ * + »4/ „ >— /> 

and PG = r+ /— \^A— a* + « ^i-x:^—p ^ therefore, by Lemma i, 
the perpendicular diftance of the common center of gravity of the two 
weights B, G, from the horizontal l ine L O, will be expreflcd by 

yG + /G — Gv/^,«r^.«^. -^y+4B — wBy jhe fluxion of 

G + B 

which (becaufe a maximum) being made equal to nothing, and the equa- 
tion thence ariHng properly reduced, will give G x CR x RS+G x FS x CR 
X tan < RBN = FRx BC X B. 



a 



a 



C o R o L. I. From C let fall C M perpendicular upon RF (produced 
if need be) then will B x B D = G x C M. For by the general equation, 

, GxCRxRS CRxFSxG 
we have ttk ' -{ pg x tang. < RBN = BC x B. 



FR ^ FR 

Now put s and c for the fine and cofine of 

being unity, then we (hall have tang. < RBNr: -, fin 
its cofine 5|, confcqucntly*^ + £^ = fin 

O 



RBN rclpcdively, radius 

<FRS = P 

Fit 

BR Mi whence 



L 
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MC = "l^^?^^^ + ' ^ ^^ ^^ , and BD = f X BC. Now fubftiV 

rR FR 

tute ^ for the tangent of <; RBNT in the above general equation, and we 



Hull havc£><S^^>i5S ^ JxCRxFSxG ^ gC x Bi multiply caclt 

FR CXrix 



fide of this equation by c^ it becomes 



GxCRxRSxr . /xCRxFSxG 



7R 



+ -^ 



FR 



= BCxBx^, that is, MCxG = BDxB. 



C o R o L, 2. If the point R falls in the line F P, then FS = o» and 
our equation becomes RS x G x CR = B x FR x BC ; but in this cafe RS 
and FR coincide, therefore when the puHey at the point F has no efFe£b 
tipon the firing RFG, the above equation becomes G kCR = B x BC, a. 
well known property of the common balance. 



PROBLEM XXVI. 

SUPPOSE BDC an inflexible rod, or lever of the firft kind, move^ 
able about the fixed point D as a fulcrum ; to the extremities P and C 
thereof, let the firings BKP, C I Q^ (which, by paffing freely over the 
points K and I, fuflain the weights P, QJ be faftened. It is required to 
lind the pofition of the faid weights and rod, when they are fuflained in 
cquilibrio. 



S O L U T I O N. 

Let B C be the place of the rod or ve6Us, 
when fuftained at reft by the weights P, (^ 
Through any point, as M, draw a horizontal 
lini SMNR; draw DM, BT, CN, per- 
pendiculars to that line; produce PK and QJ 
to S and R. Through the point B, draw FBW 
parallel to SR; and from the point D, draw 
DE and CH parallel to SMR. Put the known 
t>r given quantifties KS ~ tf, DMzi^, IR=: c, 
SMrrFWizi, MRzi^, BD=:«i, bC = », 
L and / for- the refpeftive lengths of the firings 
BKP, C I Q^ and the unknown quantity 
ST = FB = xj then will BW = ^ — ;c. 



S T M N R 
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WD=>/»^^^:^j^^TB=FS=/— v/w^— ^7^ and FK=/+v/wW^ 
{p being put for «— i ). The triangles BWD, DEC, are fimil ar. whence 
EC = - X v/»i«— 5^"} *"^ confequcntly N C = ^ + i^ X y/m'^ — j^/^ 
put c—i = f, then HI = y— ^ X v^/»»— ^iZ;* > again, M N = ~X i=T, 
and therefore *— 1 X JUx = N R, whence we get R Q^= t + L 



^|^7and PS=/— y ^!Jv5^=S^»+^ 




+ i confcquently the perpendicular diftance of the common center of gra- 
iity of the two wcighu P, Qj from the horizontal line S M R^jvilUby 

Lemma i.) be exprefled by '^^ ^ "^ * ^^^ 2 

4. gP+ P/-^PVp+y»».--^^^''+^* , which being put into auxions. 

and properly reduced, gives QxDC x HI X BW xBK— Q.x DW x NR 
xBKxDC=PxBDxCIx>KxBW+PxBDxDWxSTxCL 

C o R o L. I. From D let fall D A perpendicular upon B K, alfo D S 
upon IC (produced if need be) then will DAxP=Q,xDS. By plane 

FK FB 

trigpnometry, we have gj^ = fin «^ FBK, and g|^ its cofine (radius being 

unity) alfo 3^ and -g^ the fine and cofine of -^ D B W j therefore 

FK X BW+ FBxDW .^. r^/inn u r»A 
BK.wBf) w «hc fine of < A B D, whence D A =r 

FKxBW+FBxDW , . CH .HI r tx- u .u r 
g^ — » Again, -pT and ^ are rcfpcflivcly the fine 

and cofine of •< CIH, whence the fine and cofine of < SCE will be ex- 

CH H4 BW DW 

pceflTcd by -^ and ^. thofe of <J DCE by g^. and ^^j refpeftively ; 

BW HI DW CH . ^r>/-e A c »i nc 
whence bd'^CT"" BD X ^ = fin < DCS, and confcquently DS— 

DCxBWxHI— DCxDWxCH „ . . 1 . r. »t^ 

^ — - - ■■; — :=rr--i . Now It IS very evident, fl-om tlie 

BDxCI 

Q. X DC X B W X H I— Qx DCxDWxCH 
general equation, that bDxCl ' — "~ 

PxFKxBW+PxFBxDW ^^^^^^^^ DAx P=rCLxDS. 

UK. •" 



■■^' 
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C o R o L. 2. If DWzz o, or the rod BDC be retained by the weights 
P and Q^in an horizontal poficion, then our equation becomes Q^xDCx 
H 1 X BK HI- F X ED X CI X FK, or, which is the fame thing, <^x DC x 

HI FK ,. , . • HI ^FK. 

pT =z P X BD X g-7. But, radius being unity, ^ and gj^ become the 

fines of the angles which the direftions of the weights make with the rod 
when at r-ft in a pontion parallel to the horizon ; and therefore it follows, 
That if a lever of die firft kind, as BDC, whofe fixed point or center ot 
motion is D, be fuftained in equilibrio (in a poficion parallel to the hori- 
zon) by means of two forces P and Q, aft- ^ ^ 
ing in any given dire<5lions B K, CI, thofe 
forces will be in the compounded ^invcrfe) ra- 
tio of the fines of the angles which the direc- 
tions of the forces make with the lever, 
and the refpedive diftance of each end 
thereof from the center of motion; that 
is, Q^: F : : BDxfm <KBC: DCx 
fin^BCI. 

C^ R o L. 3. If the weights P, 0> arc freely fufpendcd from the points 
B, C, of the lever, then we (hall have Q^ : P : : B D : DC; whence ic 
appears, that in this cafe if the weights Q^and P keep the lever at reft, 
when in a pofition parallel to the horizon, they will alfo be a juft counter- 
poife to each other, when the lever is in any other fituation either above or 
below the horizontal line, pafiing through D, which is now the place of 
the common center of gravity of the weights. 

C o R o L. 4. If from the center of motion D, we draw D G and D A 
perpendiculars to KB, and IC produced (if neceflary) then P : Q^: : 
D A : D G, for (the lever being flill fuppofed in a pofition parallel to 
the horizon) by the firft Corol. P : Q^ : : DC x fin <J BCI : BD X fm 
<^ KCB; and, by plane trigonometry, we have radius (i) : BD : : 
fin <KBC:DG, whence DGr: BDxfm <;KBC; in the fame 
manner, D A = DC X fin < B CI, wherefore P : Q^: : DA : DG. 

From the explication of the lever or veftis, we' may, without any far- 
ther trouble, deduce the property of the wheel or the axis in peritrochio. 
For if D C be the radius of the axis, to which a weight is applied in C ; 
and D B the radius of the wheel, or outer circle itfelf, to which a 
power is applied in B ; the line CB then may be confidered as a lever 
or veflis, whofe fulcrum is the poinS D, and the power balancing the 

weight ; 
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weight ; that is, the machine being held perfedly 
ftcady and immavable^ the proportion of the power 
to the weight will be always as the diftances of the 
lines of dire£tion from the fulcrum D, reciprocally j 
that is as DB, CD, reciprocally, or, which is all 
one, thofe diftances being the radii, they will be^ as 
the peripheries <rf the wheel and the axis recipro- 
cally. 

From thefe principles are alfo to be deduced the powers of thofe common 
machines, Sciflars, Pincers, Sheers, Forceps, the Crane, the Gimblet, the 
Hammer (as ufcd and applied to the drawing out of a nail) with various 
others \ as for the latter machines, they are more immediately reducible t<^ 
the axis in peritrochio, though ultimately refolved into the veftis. The 
power of the hammer is perhaps equally explicable either way. Thus the 

Eower being applied in A the extremity of the handle, and the obftaclc tc^ 
e removed or drawn out in B, then the end O ia 
the fulcrum or center of motion ; and the power 
moving in a circumference, whoie radius is OA, 
and the obftacle (when moved) in another, whofe 
radius is OB. Hence if the forces (of the power, 
and of the refiftanee of the obftacle) are reci- 
procally as thofe peripheries, or their refpeftive 
radii (which are the diftances from the fulcrum) 
chey will fuftain one another, and be in equilibrio. 

This is evident by the preceding corollaries, or by a well known property 
^f the bended lever, which we have inveftigated at fuge \o. 

The explication of the Wedge and the Screw, though they are not fo 
immediately and direftly explained by the corollaries to the foregoing pro- 
blem ; yet it may not be improper here to give fome account of them, 
f:Q)ectaUy as wc have at the beginning of this treatife explained Ibme pro- 
perties of the inclined plane ; to which the explication of the wedge may 
be referred, and indeed that of the fcrew, which is no other than a wedge 
impelled by a veftis, may alfo be referred. For the wedge, that when 
the impelling force is to the refiftanee of the obftacle, as the thicknefs of 
the wedge to the height of the fame ; and for the fcrew, that when the 
force that turns the fcrew is to the refiftanee of the obftacle, as the inter- 
val of the two immediately fuccecding turnings of the fpiral to the cir- 
cumference defcribed by the power in one converfion of the fcrew : when 
it is fo, the powers (in thefe machines) will be equivalent to the refiftances 
of the obftacks, or there will be an equilibrium of forces and. refiftances^ 
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Or, according to Sir Ifaac Newton^ when the force by which the wedge 
urges the two Tides of the cleft bodies, is to the force of the mallet upon 
the wedge as the progrefs of the wedge, according to the determination of 
the force imprefled upon it, to the velocity with which the parts of the 
body give way to the wedge ia lines perpendicular to the fides of the 
wedge ; or when the force of the fcrew to prefe the body, is to the force 
of the hand that turns it round, as the circular velocity of the handle to 
the progreffive velocity of the fcrew towards the comprefied body ; then 
there will be an equilibrium^ or the contrary forces and refiftances will fuf- 
tain one another. 

The power and ufe of machines confifts only in this, that, by diminifli- 
ing the velocity, we may augnient the force, and the contrary. From 
whence, in all forts of proper machines, we have the folution of this pro- 
blem, ^0 move a given weight with a given power 5 or, with a given force 
to overcome any other given rcfiftance. For if machines are fo contrived,, 
that (he velocities of the agent and refiftant are reciprocally as their forces, 
the agent will juft fuftain the refiftant*, but with a greater difparity of ve- 
locity will overcome it. So that if the difparity of velocities is fo great, 
as to overcome all that refiftance which commonly arifes from the attrition 
of contiguous bodies, as they Aide by one another ; or from the cohefion 
of continuous bodies that are to be feparated ; or from the weights of bo- 
dies to be raifcd *, the excefs of the force remaining, after all thofe refift- 
ances are overcome, will produce an acceleration of motion proportional 
thereto, as well in the parts of the machine as in the refilling body. This 
part of the bufinefs of mechanics may therefore be eafily comprifed in one 
general analogy thus : Let p, r, exprefs any powers, moving forces, or 
torccs and rtfiftances, let the velocity of ^ be exprefled by «r, and that of 
rhyn\ then if /> : r : : » : w, the contrary forces will fuftain one another^ 
becaufe (upon this fuppofition; p x nt zz rxn. Therefore if pXfn be 

r fn 

greater than r x »f that is, if --- be greater than — , then the force p fliall 

P V 

overcome the force or refiftance r. 



i^i^if—i^— ^>— ■«^^— — ^yy— ■*> I ^ I I 



PROBLEM XXVIL 

LET ED reprefent a beam fgfiiained at its extremity D, by a firing 
DC of a given length, whole end C is fafi:ened in the horizontal line 
AC ; the end E of the beam is fupported by means of a weight Q^ ap- 
pended to a firing, as EAQ^pafling freely,over a fmall pulley at A. It is 
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required to determine the pofition of the beam E D, and weight Q, when 
they are in equilibrio. 

SOLUTION, 

I ^t E F and D H be perpendicular to A C, and G be the place of the 
center of gravity of ED ; draw GB parallel to 
E F, or D H and D S parallel to AC. Put A 
AC= », GD= tf, GE= b, ED= s, DC= /, 
EAQ=L, A¥=y, HC=a;, and W for the 

weight of the beam EDj then v//» — *?*' =DH, 
« — X — y = FH = SD, and s/s^—^i;;^ 
= E S, whence %//«— x«^4. ^/s'^—h^^^T^zz 
FE. fv/j»— ,_;,-/'+ v//»--;c»'= BG, and 

A E = \//»— *» + j»-_;z;;i;« + 2 v//w* x \/ s*^u-x-y+y^ ^' confc- 
qucntly the perpendicular diftance of the common center of gravity of the 
two weights Q^and W from the horizontal line A C , will be cxprefled by 

Q^+w 




4- W X T X v/j^ — ^,_y » + W X v//'— a:*' 



ct+w 



, which muft be the greatcJft 



poffible. In fluxions with j* conftant gives (when properly reduced) O into 



FH— HC HCxES , FHxDH _ ^„ . GD x FH HG 

DHxAE + ESxAE " ^ ""^^EDxES "" DH ' 

FHxDHxFE — FExHCxES 



AE 



or, wluch is the fame thing, Q into 



= W into 



GD X FH x DH— HC x ED x ES 

ED 



AE 



; and by putdng the fame 

«xpreffion into fluxions with x conftant, we fhalL obtain the following equa- 

. AHxES+FHxDH ^ GDxFH 
t»on, vtz, T^ XQ= — PTT-^XW; divide each fide 



AE 



ED 



of *U «,uado„ by ED, wchavc A2i<||t™il2H ^ q= S^FH 

GD 

XW. But thefe fadors of Q^and Wx g^ are refpcdively equal to the 

fines of the angles AED, FED, radius being unity. That gg is the fine 



V. 
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A' T?* 

of FED is obvious> and thp fine of AED may be found thus; 

FE FH FQ AE- 

is the fine of AEF, -^ its cofine, g^ the fine of SED, g^itsco- 

r™. »k r AFxES+FHxFE . ^ - ^.^^ 

fine J therefore ^^^^.p is the fine of AED. For ES par 

FE— HD, and the numerator of the fraftion becomes AH y, FJ*"— AF ><■ 
HDj in which for EF write its equal HD+ES, and we get AHxHD4- 
AH X E S — AF X HD, or FH x HD+ AH x ES ; divide this by AE x: 
ED, and the quotient evidently becomes the fine of AED, therefore W - 

Q_: : fin <5 AED : fm •< FED X gfj* which evinces the truth of thatr 

principle ki mechanics, vi^. That if two forces aSiir^ in diffcreia direSlieuSr 
as EF and E A, fo as to have thi fame effeS in ft^akdug D E, «r cauftng i# 
to move about a fixed foint D as a center^ tnufl be to each other inverfely as the 
Jims of the angles vf incidence FED, AED;^ Now imagine the points Ay 
C, to coincide in B, then will AF become FB, HC will become HB •■ 
and DC, AE, will refpedivcly become bTd and BE » whence the fore- 

-r 1 . . FH X DH X FE — FE x BH x ES 
going general equations become g-g ^ ."^ y^ 



GDxFHxDH -BHxEDxES BHxES+FHxDB 

- ED ^^* ^^ MT 

_ GDxFH 
X V4=r — gg — X W } divide the former of thefc equations by the latter^ 

™- 1,0™ FHxDHxFE—FExBH xES GDxFHxDH— BHxEDxES 

'^''^'^^ BHxfiS+FrixDH = GDxFH " '■ 

which, when ES = o, or the beam to be fupported in a direftion paraller 
to tlie horizon, becomes FE = DH, and confequently either of the gene- 

1 ...... « DH ^ GD ,„ fin <3 BED 

ral equations m this circumftance g£xQ=£0X W, or ^ ^ ^^ X 

GD 
^=ED>^W. 



PROBLEM 
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PROBLEM xxvirr. 

LET the beam ED, Tvhofe center of gravity is at G, be fuftained by 
the weights Q^and P, appended to the ends of the ftrings E AQ^ 
D C P, faftencd to the beann at the points E, D, and paffing freely over 
two fmall puUies fixed at the points A and C in the horizontal line AC. 
It is required to find the pofition of the faid beam and weights, when fuf- 
tained in equilibrio. * 



SOLUTION. 



ire< 



Suppofe it done, and that QAEDCP is the required pofition of 
the beam and weights. Draw GB, DH and • 

E F, each perpendicular to AC, and DS pa- 
rallel to it. Put AC = », GD=J, GE = ^, 
E D ir i, and W for the weight of the beam 
E D, L and / for the lengths of the ftrings 
EAQ, DCP, refpeftively ; let y = AF, x 

zziHCy 2: r: A E 5 the n \/zz — yy = E F, 
p — X — y =: FH, and v/jjir^^^Z}^= ES-, 
hence \/zz-^yy^ — \/ss — »— ;r— j^ =: FS = HD, 

*nd v/z*— .jr*— 2 v/2»— j^'x \/i*~»-;r~j.^ + J*—- ;=:;::5r*+ x^"^ = DC, 

alfo y X \/j*— «-ir-:/^ + v/z*— /' — ,/JC:^^^^^ = B G J confe- 
quently we have LCL-^Qr-T s/7=^^^xW + s/^^=FxW+ 

/XP- 




cb-w+p 



------ — - — - __ — _,_ -- ^ - . - - -- ^^ , ' - - . - 



n 



tmttmmtlm 



Q:hW+P 

for the perpendicular diftance of the common center of gravity of the three 
weights Q^ W, P, from the horizontal line AC (by Lemma i.) this 
diftance muft be the greateft poftible ; in fluxions, with x and y conftant, 

gives- Qjz + p— p ^zz-^^^=^ X s/i'^-^-^/^x p^, or 

AE AV. """ P 

— Ci.+ p£XW = AE — jrgxESxgc; wbick contraaed be- 

AE ,-- H DxAE „ ^ ^, , . ^ 
comes ^ X W — " ynxUC ^ P = Q:. Now let the foregoing ex- 

prefllion be put into fluxions with z and y cohfiant, we ihall then have 
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EG 

gj3XFHxDCxW = HDxFHxP — HCxESxPi and by takings; 

again the fluxion of the faid exprefllon with only y variable, there will* 

.- AF X DC X W . EG X FH X D C X W AFxHDxP 
anfe • ^^ + £Dx£S = EP "" + 

HD V FH V P 

F^T' » which,, brought out of the fradions, gives EG x FH x 

EFxDCxW+EDxESxAFxDCxWzrAFxDHxESxEDxP 
+ EFxHDxFHxEDxP. 

The firft and fccond* of thcfc three general' equations may be otherwi(e- 
derived by the application of the common method of dividing forces* as- 
fhall be fhewn prefendy 5 but the other, which is alfo abfoiutely. neceflary 
for limiting the pofition of the beam and weights, does not feem deter- 
minable by any principle of mechanics (except the above) hitherto made 
ufe of. 

Let the force Q» ading in the direftion E A, be divided into two other 
forces, a<3ang in the directions EF, AF 5 hence A E : EF : : O : O X' 
EF ^^' ^<^ 

xg the force in the direftion EF 5 by the fame way of reafoning, if we 

divide the force P, adling in the direftion DC, into two other forces aft*- 

HD 

ing in the direftions D H, C H, we (hall have Px gpg for the force adt- 

lAg in the diredion D H ; and confequently, if we imagine the beam fup- 
ported by thofe forces, and in thofe direftions, it is evident that W z: P x 
HD ^ EF ^ ^ AE „^ HDxAE „ . , 
DC "^ ^^ AE' "^^^^^^ ^= FE ^ ^ "" F£ X DC ^ ^> ^^^^^ ^^- 
aftly agrees with the finft general equation above-mentioned. The force P 

FG 

is to the weight W of the beam, as the fine of the angle H D E x =^t=v 

to the fine of the angle CDE, by Problem X; therefore P x fin-^ CDE 

EG 

= W X fin^ HDE X gg ; and this equation we are to prove to be the 

EG 
fame with the fecpnd general equation, j^gXEHxPCx W=rHDxFH 

X P— HC X ES X P. The fine of the angle HDE (to radius i ) is 

FH . r — ES ^ ^ ^ ^ ^ ^^^, . HC . ^ HD 
gjQ, Its coline -gQ ; the fine of the angle CDH is gp, its cofine jj^ ; 
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tberefore the fine of the angle CDE is Et) x DC * confequently 

P X fin < CDE is equal to P x ^ EDx^DC^ ' * ^^^ ^ ^ ^*" 

^TTT^T. EG. , ,„ FH EG . _ FHxDH-^ESxHC 
< HDE X £Q 13 equal toWx g^ X gj), whence Px £DxDC 

=Wx^^. orPxFHxDH-HCxESxP=WxSa^^ 

which is. the fame with the fccond general equation as above. But 
now to determine the relation of Q_ to P, by help of thefe equa- 
tions, let the value of W, in terms of P and other quantities, viz, 

DExHDxFHxP— DExHCxESxP ^ r ua-. . a- .u a (v 
TTp — Ft4 y DC lubftituted m the firft general 

^ n.^^x. AExHDxFHxGDxP— AExDExHCxESxP 
equation, and we Ihall have FExEGxFHxDC 

= Qj^ rf for W in the firft general equation, we fubftitute its value, viz. 
AFxHD xESxEDxP+EFxHDxFHxEDxP ^ ,, . ^. ^ 

fexEGxfHxEFxDC+efxedxesxaFxdC ^^""'^ ^y ^^ ^'^"■d 

general equation, we (hall have (when properly reduced") this equation, 
GxHDxFHx.AExP=:EGxFHxEFxDCxQjfEDxESxAF 

xDCxQi ButGDxHDxFHxAExP=EGxFHxEFxDCxCt 
+ ED X ES X AE X HC x P» by the laft equation, exprefling the relation 

of Q^to P ; hence by fubtradtioni we get AF X DC x 03= AE X HC X 

r\ n% ly "^ AF 

Let us now fuppofe HC = o, or the beam ED fupported in fuch pofi- 
tibn, that the angle ACD may be a right one ; it is then evident, that HD 
will coincide with DC, and confequently that the firft and fecond general 
equation (which were alfo determined by the method of dividing forces) 

AE A^ EG 

will refpeftively become pp. x W — pg x P = Q» and -r^ x W zi P j 

PC 

fubftitute for P, in the firft of thefe equations,, its value, viz. ^^^x X W, 

we (hall have jrp. x W — F£ v ED >< ^ = Q » which, as it involves no 

apparent abfurdity, may poflibly be very true, and therefore it does not 
from hence appear, that the beam cannot be fuftained in the propofcd fitua- 
tibn laft mentioned in equilibrio, by means of the weights Q and P. Let 
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now the third general equation, which in this laft circumftance becomes 

EGxFHxHFxW+EDxESxAFxW=AFxESxEDxP+EFx 
FH X ED X P, be relumed, and we have EG X FH x EF x W +ED x ES 

FE EG 

X AFx ^ X Q^= EF X FH X ED X gg X W, confequently EG x FH 

X EF X W~ EF X FH X EG X W =ED X ES X AF X ^ X Ct ; which 

being manifeiily impofTiblet it follows, that the beam cannot be fulttained 
in equilibrio by any two weights Q^and P, under the above-mentioned re- 
ilriftion with regard to the angle ACD. 

CoROL. I. If AF and HC are each fuppofed equal to nothing, then 
muft EF coincide with AF, and H D with DC; in this cafe, the firft ge- 
neral equation becomes W — PnQ, either of the other two becomes EG 
X W = ED X P. For W in this equation fubftitute P+ Q, we have £ G 
X Qj=: GD X P ^ and if we farther fuppofe EG = GD, then Q^ muft be 
ojual to P. 

C o R o L. 2. If the beam ED is to be fuftdned in a pofition parallel to 
the horizontal line A C, then E S = o, and the firft equation will become 

AE AE 

~ XW — ggxP=Q» cither of the other two will be EG x DC x W 

. EG EF 

= HD X ED X P, or, which is the fame thing, gg X W = g^ x P '•' 

EF X ED AE 

W=: FQwpr X P ; confequently, if for W in the equation, p^^ X W — 

^^ T^ ^ . 1 n. 11 I. AExED 

g-^ X P =: Q, we put its value, wc fliall have eq x DC ^ ^ 

AE 
— g^ X P = Q^; this equation, brought but of fradions, gives 

At 
AExED — AExEG — ^. xPzrQxDCxEG, that is, GDxAE 

AE EG 

xP=EGxDCxQi org^ X P = QgXQ- 

AE AP 
Co R o L. 3. The general relation of Q to P, is that of t5j> to rrg, and, 

AE EG 
by the laft corollary, Q : P : \^ : gg •, therefore when the beam is to be 

fupported in a pofition parallel to the horizon, AF : HC : : EG : GD. 

The 
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The conclufions derived from the application •f the general received 
principles of mechanics, cfpecially with regard to the refolution of forces, 
are not always juft, and fometimes even abfurd, as will appear by the fol- 
lowing method of finding the ratio of the forces Q» P, and the relation of 
the angles A and C By the refolution of forces, D C : D H : : P : 

^^^^ , the force in the diredion DH, and AE : EF : TCL: ^^ , the 

P V r^H O V EF 

force in the direftion E F, but - ^^ : - ^ " • •• EG : DG, hence P 

X DH XBG X AE = Q^X EF X EG xDC. Again, DC : HC : : P : 

^^^, the force of P in the diredion CH, and AE : AF : : Q^: ^^^^ , 

the force of Q^ in the direftion AF, which, to fuftaiti DE in equilibrio, 
4tnuft be equal to the force of P in the oppofite direftion CH, that is, 

D V HC 

^- "rt . otherwifc AC would have a tendency to move along in a direc- 
DC ^ o 

tion parallel to the horiTion, which is abfurd, therefore AF x DC x Q = 
•HC X AE X P, or as HC X AE : AFx DC : : Q^: P. Now the laft equa- 
tion being multipKed -by <ix EF x DC x EG = P x DH x AE X DG, we 

^^ r./- AT. TNTT r^r> EFxEG DHxDG 
IhallhaveHCxEFxEGnAFxDHxDG, or — ^— = — fjc" • 

HD EF 
Therefore E G : G D : : op : ^, and fo is the tangent of the angle C 

to the tangent of the angle A. 

This folution is tlie fame in fubftance with that given by Mr. Simpfony at 
fage 139 of his firft treatife of Fluxions ; and as there did not feem to be 
any apparent error in the application of the divifion of forces, that folution 
Mras for a confiderable time looked upon as juft. The firft who difcovered 
it to be otiierwife was (aa I have been infottned by Mr. Edmund Stone) that 
excellent mathematician, the hit Benjamin RoiinSjESq-y who obferved, That * 
If the line AE (the other line CD remaining ftill of the fame length) ihould 
l^e lengthened until ED became perpendicular to the horizon, the angle at 
C would then be a right one, and the other at A an acute angle ; in that 
circumftance, the tangent of the angle at C would be infinite, and there- 
fore could not be to the tangent of an acute angle, in the conftant ratio of 
EG to GD. Notwithftanding the above folution cannot be univerfally 
true, yet in that particular cafe, wherein the beam is fupported in a di- 
re&ion parallel to the horizon, the conclufion coincides exadlly with 
that derived from our method of inveftigation, the proportion in ei* 

R 
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ther being £G:GD::AFrHC^ becauie £ F i& then eaual" t» 
DH. 

Mr. Simpfon^ in another iblution to the Umt problem^ fee page $2& of 
his laft treatife on FhikionSy has indeed avoided the particular error to^ 

4 

which it was before liable, by (hewing that EG : GD. : : s — ^ r^nH * 

fin ^ Aifey * which (as has been flicwn at ^^ 54 of this treatife) is cer- 
tainly true when the beam is fupported by two firings of given lengths, 
faftened to the horizontal points A> C i but if the beam be fupported by^ 
two weights, P and Q, after the' manner defcribed in our problem, the 
above conclufion, and the ratio of thofe weights, as given by Mr. Smpfon^ 
will hoM no longer true» than while the beam retains a pofkion parallel to* 
the horizon, becaufe it is the common center of gravity of the beam and 
weights that will ^et into the lowed place, when they are fuftained in equip 
librio; and thcretore to fuppofe, that no alteration in the pofition of the 
beam would happen, if» inftead of the weights, the ftringa were faftened 
at thofe points over which they before were fuSered to Aide, is eproneous s^ 
for, in mis cafe, it is the center of gravity of the beam alone, that muft 
be in the loweft place pollible, which before was not necellary, the equili- 
brium there depending upon the fituation of the common center of gravicf 
. of the beam and weights ; and therefore, ualefs it can be proved, that the 
perpendicular diftance of the common center of gravity of the weights and 
beam (when fuilained in equilibrio) from the horizontal line AC, is equal 
to that oi the center of gravity of the beam therefrom, when fu^ained at 
reft, the pofition of the beam in both cafes will not be the fame. 



PROBLEM XXIX. 

SUPPOSE BDC a bended lever, moveable about the fixed point 
as a fulcrum; from the extremities C and B thereof, let the givea 
weights Q^and P be freely fufpended, by means of the ftrings C Qj B P« 
It is required to find the pofition of this lever BpC, when fuftained ixk 
equilibrio by the given weights Q, P. 

SOLUTION. 

Let BDC be the required pofition of the lever. Through any point 
M, above B, C, draw a horizontal line, as TMN. Draw BT^ DM, 
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«nd CN perpendiculars to TMN, and from B, T____M___N 
draw BW parallel to TN j join the points B, C, 
with the right line B C, and diereon from D let fall 
the perpendicular D H. Pat the known or given 

guantities DM = *, BD = », DC =: «, BC = by 
n < DBC = p, its cofine =;: j, radius = i, and 
the unknown quantity BT= * j then EDzr b — x, 

and confcqucntly \/«i»— ?Z;*\=. B E. Now m : 
I : : *— * : — r-= fin <: DBE, and - 



cojtnei therefore 



X 





oq)refl£s the fine of the 



angle CBW, whence WC = nh x -^ -^^Xs/m^J=i^, and NC = 

*+ i^ X -^ — ^ X >/m*^TZ^. ' Therefore as k is the feme thing 

whether the weights are af^nded at the points Q» P, or C, B, it f<rfk>w8 
(by Lemma i.) that the perpendicular diftance of the common center of 
gravity of the weights P, Q^ from the horizontal line TN, will be exprefled 

*'! ^^.p • , which muft be a maxi- 

mum, and therefore its aunon equal to nothing, that is, P ;ie + Qjc — 



Qx 



qbx Qplr' JZ^^xx 



m m v^»'— XTi* ' m ~ BD 



= O} but *— = 



3 b BHxBC 



pb DHxBC . - 

In ~ — ES» — * "^refore our equation becomes P+Q—Qx 

DHxBCxDE 



— ' , and 

BHxBC 
BD* 



= QX 



BD» x BE 



CoROL. I. If BDC be a r%ht aiigfe, then P : O : : EW : BE ; for 
BD»=BCxBH. andBDrDC: :DE:EW, from this proportion wc 

BD*xEW *^ r * 

get BD X DC = — ^ — . Now for BH x BC in the above e<^tion, 

febftitute its equal BDs and for DH x BC, to which BD x DC is equal 



fiibfiitute 



BD»xEW 



QxEW 



P : Q : ; EW : BE. 



j5g — » and wc have P= jgjg. - > confequently 
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CoRO£. 2. P:Q,::EW:BE, let the angle BDC be what it wiU. 
For the fine of the angle BDE put /, e for its cofine, r for the fine of the 
angle D B C, /its cofine ; then, by plane trigonometry, we have r B D =: 
D£, rBD = DH, and/BD = BH, alfojBD = B£: let thcfe values 
be fubftituted for their relpe£fcive equals in the above equation, P 4. Q ._ 

_ BHxBC - DH X BC X DE . ^ - 11 u n i r. r^ 
0-^ BD* =^^ BD'xBE » ^^ "* **" ^*^* P + Q — Q 

/BDxBC _ rBDxBCxfBD ... ^ a. a u » 

X gp, — = Q^X . bD'xjBD — * ^^'*^ contrafted becomes P+ 

^ ^ ^BC _ rfXBC . . „ ^ /jBC+rfBC— jBD 

^-Q-X-Bd = Q><-7bd-*'^*''»'^=Q^ JbD • 

But it is well known, that ts^rc is the cofine of the difference of the 
angles BDH and BDE, that is the coline of the angle EDH, or the right 
fine of the angle BCW 5 confequently /jBC + ^^BC is equal to BW, 

whence PzzQ^X " op " > for jBD put its equal, viz. BE, and then 

P= 5~~^ XQ, that is, P = I^XQ. or P : Q^: : EW : BE. 

, Thefe conclufions agree exaftly with what Sir Ifaac Newton has deter- 
mined in his Mathematical Principles of Natural 
Philofophy ; where, in corollary 2d to the 3d ge- 
neral law of motion^ is explained the compofi- 
tion of any one dircdt force AD, out of any two 
obiique forces AB and BD ^ and, on the con- 
trary, the rcfolution of any one dircft force AD, 
into two oblique forces AB and BD; which 
compolition and refolution of forces are abun- 
dantly confirmed from mechanics. 

- As if the unequal radii 6 M, CXN, drawn from the center O of any 
wheel, (hould fuftain the weights A and P, by the cords M A and N P ; 
and the forces of thofe weights to move the wheel were required. Through 
the center O, draw the right line KOL, meeting the cords perpendicularly 
in K and L ; and from the center O with OL, the greater of the diflances 
OK and OL, defcribe a circle, meeting the cord MA in D; and drawing 
O D, make A C parallel and D C per^ndicutar thereto. Now, it being 
indifferent whether the points K, L, D, of the cords, be fixed to the 
plane of the wheel or not, the weights will have the fame efitdt whether 

they 




r 
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they are fufpcndcd from the points K and L, or 
from D and L. Let the whole force of the 
weight A be reprefcAced by the line A D, and 
let it be refolved into the forces A C and C D 5 
of which the force AC, drawing the radius OD 
diredUy from the center, will have no effeft to 
move the wheel : but the other force DC^ draw- 
ing the radius DO perpendicularly, will have the 
fame efFed: as if it drew perpendicularly the ra^ 
dius O L equal to O D \ that is, it will have the 
fame efFed as the weight P, if that weight is co 
the weight A, as the force D C is to the force 
DA, that is, (becaufe of the fimilar triangles ADC, DOK) as OK to OD 
or OL. Therefore the weights A and P, which are reciprocally as the 
radii OK and OL, that lie in the fame right line, will be equipollent, and 
fo remain in equilibrio ; which is the well known property of the balance, 
the lever, and the wheel. If either weight is greater thah in this ratio, its 
force to move the wheel win be fo much the greater. 

If the weight ^, equal to the weight P, is partly fufpendcd by the cord 
N/>, partly fuftained by the oblique plane ^ G, draw ^H, NH, the former 
perpendicular to the horizon, the latter to the plane p G ; and if the force 
of the weight p tending downwards, is reprefented by the line^H, it nriay 
be refolved into the forces p N, H N. If there was any plane perpendi- 
cular to the cord p N, cutting the other plane pG in a line parallel to the 
horizon, and the weight p was fuppoited only by thofe planes f Q^P G* 
it would prefs thofe planes perpendicularly with the forces p N, HN ; to 
wit, the plane /►Q^with the force pN, and the plane ^G with the force 
H N*. And therefore if the plane ^ Q^ was taken away, fo that the weight 
might ftretch the cord, becaufe the cord, now fuftaitiing the weight,, fup* 
plies the place of the plane that was removed, it will be drained by the 
lame force p N, which prefied upon the plane before. Therefore the ten* 
fion of this oblique cord ^N will be to that of the other perperidicuiar cord 
PNf as pN to ^H. And therefore if the weight p is to the weight A, 
in a ratio compoun(^ed of the reciprocal ratio of the lesdl diftances of the 
cords p N) AM, from the center of the wheel, and of the dired ratio of 
pH to P N ; the weight will have the fame efFeft towards moving the 
wheel, and will therrfore fullain each other. 

-'■ That the weight p is to the weight A, in a ratio compounded of the re-^ 
ci|vocal rado ofthe leaft diftances of the cords pN, AM, from the center 
of the wheel, and of the direct ratio of p H to ^N ; that is, that p : A:: 
KG X pH : OL X^N, may be eaUtly ftewn by hdp ofthe lUd Problem^ 

S 



-— J 



f. 
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page 9> where it is proved, that the weight which, afling in the direAion 

N, is fufficient to fuftain p upon the inclined plane p G, is to the abfo- 

ute weight thereof as ^ H to /> N i and therefore if A be taken equal to 

a fourth proportional to O K, O L and |j > it is evident, that the 

weight pj partly fuftained by the cord N p, and partly by the plane p G, 
will be a juft counterpoife to the weight A. 

Upon the fame principles, and in a niethod fimilar with Sir Jfaat 
Newton\ the late Dodtor Heljham^ in bis Leftures on Natural Philofophy, 
page 1 1 8, has given the principal properties of the lever in the following 
manner : 

If the weight A hangs freely from one end of a balance, fo as to have 
iti line of dire(5tion DA, perpendicular to the 
arm of the balance; and if another weight, as 
B, be hung at the other end £, in fuch a manner, 
as that its line of diredion EC, by palfing over 
a pulley at C, may be oblique to the arm of the 
balance, the weight B muft be to the weight A, 
when it counterbalances it, as EC to CF ; that 
is, as radius to the fine of the angle CEF, made 
by the oblique dircftlon of B with the arm of 
the balance : for if the whole force of gravity in 
the weight B, ading in the direction EC, be de« 
noted by the line EC, it may be refolved into two forces, denoted by E F 
and FC, afting in the diredions of thofe lines; of which two forces, the 
latter only which a6ts in the dircdion FC, perpendicular to the arm of the 
balance, withftands the force of gravity in the weight A ; the other force, 
which ads in the diredion EF, being intirely employed in prefling the ba- 
lance againft the axis of its motion. Since therefore that part of the weight 
B, which ads in oppoficion to the weight A, is to the whole weight B, as 
FC to EC ; it icmanifeft, that in order to make the weight B balance the 
weight A, it muft exceed the weight A in the fame proportion that the Kne 
EC exceeds the line FC. 

As a corollary it follows, that the perpendicular diftances of the lines of 
diredion from the center of motion, are to one another inVerfely as the 
weights ; for if from G, the center of motion, be let fall G H perpen- 
dicular to EC, that line will be the perpendicular diftance of the <Jirec- 
tion EC from G ; and EG, equal to DG, is the perpendicular diftance 
of the diredion DA ; but the triangles EFC and EHG are fimilar, be- 
caufe their angles at £ are equal, and they have each a right angles 
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but the weight B is to the weight A, as EC to FC ; that is, as EG or DG 
to HG : fo that wherever two powers, which ad in oblique direftions, are 
to one another in the inverfe ratio of the perpendicular, or fhorteft diltance 
of their lines of direAion from the center of motion, they mull balance 
one another. Whence it follows, that if two weights, as A and B, be 
fufpended from two points, as D and £, in the plane 
of a wheel placed in a vertical pofition ; and if the 
line D E, which is drawn through the two points of 
fufpenfion, pafies through C the center of motion, 
the weights will balance, provided they be to one 
another inverfely as the diftances of their points of 
fupenflon from the center of motion % that is, if A 
be to B} as C E to D C : for fince the weights hang 
freely, their lines of diredion DA and FB will b^ 
perpendicular to the horizon, and, of confequence, 
parallel to each other ; wherefore if the line H C F 
be drawn through the center of motion, perpendicular to the two lines DA 
and FB, the triangles DHC andECF will be fimilar j confequently DC 
will be to EC, as HC to FC ; but by fuppofition, the weight A is to the weight 
B, as C E to C D i that is, as C F to C H : fo that the weights are to one 
another inveriely, as the perpendicular diftances of their lines' of diredion 
from the center of motion, confequently they muft balance; and though 
the ivheel (hould be turned upon its axis, and the diftances of the lines DA 
and EB from C be thereby altered, yet will the imiilarity of the foremen- 
tioned triangles continue, and, of confequence, the balance between the 
weights will be preferved. 

If a crooked lever F CD be fo placed on its prop at C, as that the iarm 
CF may be parallel to the plane of the ho- 
rizon, and the arm CD inclined thereto; 
if two weights, as B and A, appended at 
D and F, be in the reciprocal proportion 
of the perpendicular diftances of jtheir lines 
of diredion from the prop ; that is, if B be 
to A, as F C to E C, there will b^ a ba- 
lance; for as long as the armCF continues 
parallel to the horizon, the weight B, hang- 
ing from the point D, ads. in the fame 
manner in oppofition to the weight A, as 
if it hung from E, the- extremity of the 
ftrait lever FC, continued on to E; in 
which cafe the weight B, that balances the 
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weight A, muft bear the fame proportion to it, that FC docs to EC. If 
therefore the arm DC be bent in fuch a manner, as that EC may be 
one half or one thrrd of F C 5 in the former cafe a weight of two ounces, 
and in the latter one of three ounces, hanging from D, will be counter- 
poiied by one ounce hanging from F. 

If, by moving the lever, the arm F C be put out of its parallel di- 
redtion, the balance will be deftroyed 1 for that cannot be preferved^ 
unlefs the diftance of B*s direction from the prop, continues to bear 
the fame proportion to the diftance of A*s direction, that EC does to 
FC; which in this cafe is impoflible. For, firft, if the pcMnt P be 
mov^ upward towards H, and of courfe the point D downward to- 
wards G, k is manifeft, that the diftances of both dire^ions will be 
leilened ^ but the decreafe of EC in a given time, will bear a greater 
proportion to the decreafe of F C, than E C does to F C ; for by that 
time the point D Has moved from D to G, through the arch DG, 
which meafures the angle of CD's inclination, ECwill vanifli} whereas 
FC cannot vanifh till fuch time as the point F has moved froni F to 
M9 through the quadrantal arch F M ; but in the fame time that the 
point D moves from D to G, through the arch D G, the point F can 
move only from F to H, through the arch FH, fimilar to DG; which 
arch being always lefs than the quadrant, the perpendicular diftance of 
A's dire<5tion fiom the prop, to wit, FC, will not vanifli upon the ar- 
rival of the point F at H; that is, it will not vanifli fo foon as EC ; 
confcquently the decreafe of EC in a given time, muft bear a greater 
proportion to the decreafe of F C, than E C does to F C : wherefore 
EC, as diminiflied in any given time, will be toFC, as diminilhed in 
the fame time, in a lefs proportion than that of EC to FC; or, in 
other words, the perpendicular diftance of B*s dirc<5tion from the prop, 
will bear a lefs proportion to the perpendicular diftance of'A*s direc- 
tion, than E C does to F C ; and therefore the weight A will prepon- 
derate. If the point F be moved downward, and confequently D up- 
ward, it is manifeft, from the infpedlion of the figure, that the dif- 
tance of A's direftion from the prop continually diminiflies^ at the fame 
time that the diftance of B*s diredlion increafes ; and therefore the weight 
B muft in that cafe overbalance the weight A, 

In order to examine the foregoing property by our method ; let 
BCF reprefent a. crooked lever, whofe prop is at the point C, and 
to whofe ends D and F, the given weights B and A are appended. 
Through the point C, draw a right line HCK, parallel to the hori- 
zon ; from D and F, draw DH and FK perpendicular to HK. 

Put 




[ 
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Put s and c for the fine and cofine of the angle 
DCF, X and j^ for thofe of the angle FCK, ra- 
dius = ^, DC = tf, CF= *; then, by plane 
trigonometry, we have i z h :z x : tx = VK^ 
and sy + ex z=: &n <:DCH^ therefore D H = 
4isy+acXf and confequenriy (by Lemma i.) 
the perpendicular diftance of the common cen- 
ter of gravity of the weights A^ B, from the 
horizontal line H K, will be exprcfled by 
^asy + Bacx+Ai^x ^ ^j^^ g^^j^^ ^f ^j^j^^ 

being made equal to not hing, gi ves Basy+ Bacx-^ Ahxzzo^ or Basx^^ 
Btff v/i— a:**= a b y/i — xx,^ by fubftituting for y its value v/I— xS* 
and dividing each fide of the equation by x, that is, B x DC X Gn < DCF 
Xtan<FCK~BxDCxcofin<DCF=AxCF. 




CoROL. I. B : A : : CK : HCi forCK zzb \/ v — x^^^ and becaufe 
J J -J. r X expreflTcs the fine of the angle HCD, sx — cy will exprefs it* 
cofme, therefore HC zias x— a cy^ or as x — a c v/i— x* ;' confequently. 



if for as X 



■XV and h 




in the above equation, we fub- 



ftitute their refpedive values juft now found, that is, HC and CK, we 
ihall have B x HC r: A x CK, and therefore B : A : : CK : HC. 



Corol; 2. If X == o, our equation becomes — B ^ ^ r= Abi which 
ftews, that unlefs c be negative, or the angle DCF be obtufe, no equili- 
brium of the weights can enfue, when the arm CF is in a fituation parallel 
to the horizon. 

Do6tor Heljbam, in his. Solution obferves, that in order to prefcrve an 
equilibrium between the weights A, B, when the atm CF (fee the laft figure 
but one) is parallel to the horizon, the weight A mufl: be to the weight B, 
in the reciprocal proportion of the perpendicular difiances of their lines of 
-direction from the prop; but from our invefiiigation it appears^ that in 
whaitever fituation the lever may happen to be placed, there will be an equi- 
librium between the weights, provided th'^y are in the reciprocal ratio of 
the perpendicular diftances of their lines of dire£lion from the prop. It 
is indeed true, that, if after having once fixed the quantity of each weight, 
^nd confequently their ratio, and found the pofition in which the lever will 
fuftain thofe weights in equilibrio, it be put out of that pofition, the ba- 
lance will be defiroyed *, but this does not in any wife render our folution 
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lefs general^ as is evident from the corollaries. And therefore what 
the Do&or has advanced with regard to the parallelifm of the arm C D 
of the lever with the horizon, does not appear at all efiential to the 
folution of his problem ; becaufe, as we have proved above, the diredi 
ratio of the weights muft be the reciprocal ratio of the perpendiculars 
drawn from the center of motion > to the dire<5tions of the weights re^ 
fpeftivcly. 



PROBLEM XXX. 

SUPPOSE BDC a bended lever, moveaUe about the fixed point 
D as a fulcrum 5 at the extremity C thereof, let a given weight Q* 
by means of a ftring, be freely fufpended 5 and at the other extremity B 
of this lever, let a ftring BK P be faftcned, which, by paffing over a fnialt 
pulley fixed in the point K, fuftains a given weight P. It is required to 
find the pofition of the lever BDC, when the weights P and Q^arc a 
juft couatcrpoife to each other. 

SOLUTION- 

Left BDC be the required pofition of the lever. Through any point 
M, draw a line parallel to the horizon, as 
SMN. Draw KS, DM and CN, each 
perpendicular to SMN, and through B,. 
draw T B W parallel to S N. Join the 
points B and C with the right line B C ; 
and thereon from D, let fall the perpen- 
dicular DH- Put the known or given 
quantities KS = 12, DM =: ^, CN zz r, 
SMzz^, BDr: m, DC = », BC= h, 
L for the length of the ftring BKP, p 
and q for the fine and cofine of the angle 
BBC, to the radius i ; the unknown 
quantity TB = x. Then DE = ^ ^ x, BE= y/m^— TZ^^V and FB =r. 

B K = y/dr^ ^ /w»-^>^ V^^^ ^°d confe* 

b—s 




d — \/m*—b^';' whence 



quently PS = L — \^7—^/uF^^^+^P + a. Again, 



DBE, and 



v/ 



m' 



m^' 



m 



=: its cofine, therefore 2 X 



m 

b — X 
m 



=: fia 
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X v/«»»— ^^" = fin <J WBC, whence NO becoones ah x -^ — 

-— X \/»»' — ^^:r* + «'i therefore, by Lemma i, the perpendicular dif- 
tance of the common center of gravity of the weights P, Qj from the hori- 
zontar line SMN, will be exprefled by ^^ ^-^^^ Va—s/ m--^::;^i^'^zr,' 

+Pxg + Q,X qhy!^ — Q^x ^ X Vm--^t=r/^j^x ... . . , 
P^Q ^ ^=^— ^ ^P^Q , which muft be the 



4—x X* 



ft 

grcateft pofiible. In fluxion* we have Px 



-^— \/^i*-A-^x*1 X / ,, ^^^ — —X Xx 



V^*»*— 5-_4c' 



= X 






■^MHB^Ml 



« tn ^ v/«W-,;.*' ^ ^ * ^^'^^' ^*'"S properly re- 

doced becomes P x ^^xDE+BExFK BC x BE 

docea, oecomes rx gg = Qx gp xcos «< DBC 

^ BCxDE ^ ^ 
+ CtX ■ "bp X fm < DBC — Q^x BE. 

COROL, 1 If FB = o. or the weight P freely fufpended from the 
extremity B of the arm pB, then the above general equation will contraft 

into PXBE = Q^x 5^xcos <J DBC +Qx5^ X fin 
-<jDBe — BExQ:. 



CoROL. 2._^^If BDC be 3 right angfe, and FB ftill = o, our 
laft equauoo will farther contraft into PxBExBD=OxDCx 

The conclufions in thefe corollaries agree exaftly with the determinations 
m the coroHanes to the laft. problem, page 63 j and therefore it follows, 
that m either of thefe, P : Q^ : : E W : BE. 

CoRot. 3. P is to Qj asEW is to the perpendicular DS. drawn 
trom the fulcrum or center of motion D, to the line of direftion BK of the 
weight or power P, the angle BDC being either obtufe or acute. In order 

*fw this, draw CA perpendicular to DM, then will CA = WE Put 
s and ^ for the fine and cofinc of the angle BDE, r and t for the fine and 
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cofine of the angle D B C ; then, by plane trigonometry, we haw D E = 
e BD, DH =: r BD, BH = /BD, BE. == iBD. Let thefe ralaes of DE, 
DH, BH, and BF« be fubftituted in the general equation abore found, it 

.„. P X FB X DE + BExFKxP /xBDxBC 
wJl become IFT^bK = BD^^ 

rBDxBCxfBD ^ ^ . . 

! i^p, £^ ' X Q.— Q.> whence, by proper reduftion, we get 

PxFBxDE + BExFKxP — Qxj BD+/jBC x Q rrBCxQ 



XC^ + 



BExBK ~ BE "^ bS — » 

urn FBxDE+BExFK QxEW . . , 

therefore P x BDxBk ~ Bp> i for ts + rc is the 

ilne of the angle B C W, and that of the angle S B D is exprefled by 

FBxDE+BExFK . .1 o^er* /^^.TTTxr J u 
BP^BK * con*«q'W*'y PxSD = Q^xEW, and thence 

P:Q^::EW:DS. 



^ 



PROBLEM XXXI. 

TO determine the pofition of the beam ED, when fuipended at reft 
by means of the firing BDEB (faftened to the f)oint B in the hori- 
zontal line AC) and upon which the faid beam freely ilides. 

SOLUTION. 



Suppofe EBD to be the required pofition. 

draw EA, DC, perpendiculars to AC; join 

the point G the <:enter of gravity of the beam^ 

and the point of fufpenfion B with the right 

line B G. From E draw E H perpendicular 

to D B, and putEGrzw, GD=:», m +n 

zzd, BE + BD = j, BD = x, rm<:DBC 

cz z^ radius == i ; then, by Lemma 2, we 

TZZ^* a. j^» _. J* 
have > = cos <C EBD, and 



From the points E^ D^ 
A JB C 



therefore its fine =: 



2X X s-^x 




the angle EB A wiH be exprefled by 



; cqnfequently the fine of 

V 2X X s—x — i_;r +** — »* X V I— Z*^ 



2X X J— X 



+ z 
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^.;,X =il±^^V therefore AE = v^^x r^--.-r-.'H-.-~^'^X 



V^i— z^' + Z X s—x* -4- y'--</' and DC = 2* } hence, by Lemma 1, the 

zx 

perpendicular drilance of the center of gravity of the beam from the hori- 

zontal line AC, becomes -r X ^^' ■■ "^^ ■ 

.a %x ' 



+ gx^-sr* + ^*— ^* — zxX-5 + 2^, which muft be the greateft poffi- 

ble 5 in fluxions, with x confbmt, gives ^x- ■ ^''^/"^ ^*'"^f*~^\ , 

X .. ■; = "3 X ;s X : + -T X X 35. Dmdc each fide of 

the equation by -J, and for », «, ^liiiiT^ — izfJLfL-^ , ■ 

and ATf fubftitute their refpcffive values, viz. GD, EG, EH, BH and 

BD, there will arife GI>x EH x-^7~-^, = DG xBH + EGxBI>» 

whence ; > , or the tangent of the ^ DBC to the radius, i, is equal 

DGxBH + EGxBD ._ . i,r r ^ - i. 

to pp. prj Let the e^refuon for the maximum be put 

into fluxions with z conftant, and the equation thence arifing, will, after 
proper reduaion, become EG x BD = GD x EB, therefore EG : GD : : 
EB : BD, a^d confequently the right line BG bifeds the angle £BD. 

» , * 

. T£e fame otbtrwifi. 

It appears, by the general principle of mechanics, mentioned ztpage 33, 
that when the beam ED is fuftamed at reft by means of the firing BDEB, 
the rieht line BG, joining the center of gravity G of the beam and point 
of (uipenfion B, will be perpendicular to the horizontal line AC. It i» 
Itkewife evident, that the center of gravity of the beam will be the fartheft 
poflible from the point of fuipenfion, and confequently that BG muft be a 
maximum : this being premifed, and other things remaining as before, let 
B F be drawn perpemlkuiar to E D ^ then, fcy phne trigonometry, we 

iave disiz /— 2X : -j xT^x = EF— FD, hence "J + ^ X ^^^* 

U 
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+ 7 + ^>«^" 



'2Jir 



thcrcforcBG»=j— X*— — 4.-ixj— 2^ -1 — 

the fluxion d£ which, being made equal to nothing, gives s— x zz 

^ + ^XJ— 2;^X-2+ -+^x7^x — w X-j, or, which is the fame 

thing, BE = EFx J — GFx^^ that is, BE = EG x ^°Ed^ ^ 

whence EG X BD =GD X EB, and coofequently EG : GD : : EB : BD, 
the fame as before. 



PROBLEM XXXII. 

LET QAEDC be a firing of a given length, fattened at C, and 
pafling over a fmall pulley fixed in the point A of the horizontal line 
AC ; upon ihis firing, fuppofe a beam E D, whofe center of gravity is G, 
freely Aides. It is required to determine the pofition thereof, when fuf- 
tained in equilibrio by means of a known weight Q^ appended to the ex- 
tremity of the given ilring. 

SOLUTION. 

Prom the points E, G, and D, draw EF, GB, and DH, peipendiculars 
to AC. Draw DS parallel to AC, and , n a u r. 

put / for the length of the ftring QAEDC, ^ i ii H e 

AC = «, DG = «, EG = *, ED = J = tf 
+ hi then will QAE4- DC= /— f, which 
put zz p, and let W reprefent the weight 
of the beam ED -, icall HC, x, AF, ^, and 

AE, z, then will FE = y/^IZy^ ES 
= y/ s^—7^:ir=f^ and D H = v/22^^ 
•— \/j» — iTI^T^*,'' therefore we have DC = ' ^ 

v^z'— ly'+i*— ;^^^1^*— 2 v^2'— j*'x \^s^—i:=^r=^+ kf/* Bythcfimi- 




laf triangles DEiS, DGI, w« have DE : ES : : DG : GI r: - 

s 



r^ 
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X \/F— «^^^^ to which add H D, gives B G = y/z—y"^ 

X a/j* — ^^m^II^^V whence, by Lemma i, the perpendicular diftance of the 
common center of gravity of the weight and beam from the horizontal line 

AC, will be exprefled by ;>Qr-a^-Qxv/z--y'+x'--;;z:^ --2v/;r=; 3 

^ 

X v/i*— A-*-J-*' + »*'+ W X v^2»--y»"^W X 7 X >//^~„_;,_>'» ... 

muft be the greateft poflible. In fluxions, with z and y invariable, gives, 
«h=n properly reduced. W x ^^ = Q X ™ >< ™^ ""^ >< "^ 

the fame exprelfion being put into fluxions, with only z variable, produces 
diis equation, Q^x FE X DC + HD x AE x Q^= AE x DC x W ; and, 
kftly, by makingj^ flow, x and z being invariable, we have, after due reduftion, 

JH V ggwW,xy..AExES_ HDxFHxFE+HDxAExES 
i-H X ED^^+^^ ^E -^^ DC X FE 

GE DH 

C o R o L. If ES = o, our equations become W x g^ = Q>< fw^t AE 

xDCxW=QxHDxDC4-CLxHDxAE, and ^^^^^ X W = 

_ HDxFH GE ,„ ^ HD 

^^ — DC""* or ^ X W = Q X 0^. The firft and third of thefe 

equations are exadly alike i and therefore if we divide the feqond equation 
by either of thefe, we (hall have gg = — ^-=i wherein, if we fuppofe 
EG = GD, it wUl follow that AE = DC. 



PROBLEM XXXIII. 

TO determine the petition in which the bended lever BDC, whofe center 
of motion is the point D, will be fuftained in equilibrio by means of 
two weights P, C^ appended to the ends P and Q of the ftrings BKP, CIQ, 
fattened to the extremities B and C of the lever, and pafling freely over 
two finall pullics fixed in the points K, I. r o / 
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SOLUTION. 

Through any convenient potne M, dravnr 
a horizontal line SMR, and let BDC re- 
prefent the poHtion required. Produce 
PK, QI, to the line SMR, and draw BT, 
DM, CN, parallel to P S or QR j draw 
alfo B£W and CH parallel to SMR } join 
the points B, C^ with a right line BC, and 
from Di draw DA perpendicular to BC. 
Put KS=:/>, DMr:^, SM=:</. BD=:»s. 
DC = «, BC = A, IR = f, MR=^ p 
and f for the fine and cofine of the angle 
DBC, radius = i. Let L and / reprefent the lengths of the firings BKP^ 

CIQ, put TB^y, th en will DE = *^ x, BE =V«'~.X t:i%< 3n<£ 

FB=</--v^»'— JZ^V whence BK = \/i— ^„Uii:i»i +^;^o and 




+ tf* Again, 



confequendy PS = L— V d— ^m*^^;^ ' + 

rr fin < DBE, and ^^'~^^^ = itscofmc, therefore yx ^=^~ iL 



^ — a: 



m 



+ X 



X v/iw*— ^— **/ and H I =: ^ 






1»^ 



X v^tt*— fi:i^ = fin <; WBC ^ whence NC = ji& X 



By a w^U known theore m in plte e trigononaetry, mentioned at page 39, we 



have ^ X — - + J X 



i9» 



02 



for the fine of the angle BCW; and: 



b^s 



therefore EWr: pby, ^ qbx 



m 



^«'-*-JL-. v/'Sw^and CI= 



•mmm 



m 



IB IB k 

Hence, by Lemma i, the perpendicular diftance of the common center of 
gravity of the two weights P, Q, from the herizoa tal line SR, will be 

TV 



expreflcd by P X L^P x v<<~i/gi*— g:^^*+ ^=;^* 4-Pxa+ /xQr-Qx 
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■ ^ Oj " 3 which being put into fluxions, made = o, and the equation 

thence 



i 



Tasolty mi Practice tf yi'KQ, HANI C S. ff 

titenqe arifing properly reduced* by firft fiibftituting tberda fof tbc values 

qb ,fb . gAxBC .ADxBC , ^ 

of ^ and '— their relpcaive equals, vtz. ~ pw^ and — ^; — , th«c 

•II 1 u u ^j ^A ju iLM ' PxFBxDE+PxBExKF 
will at length be produced tlw foUowmg equation, BE tik 

, Q.XHJ . QxCHxDExABxBC 



QxHIxADxBC^iOE 
BD^xBExCl 



CLxHIxBAxBC 
BD^xtl - 



CoROL. I. If FB and CH are eadi = o, we ihall have P+Q.=: Q^ 
BAxBC Q-XADxBCxDE 



BD' 



n^'^'tsf. 



BD*X«E. 



C o R o L. 2. If FB, CH and AD art each rr o, the general equadon 
will coniraa into ABx P = AC x Q, or P : Q^: : AC : AB, A m this 
cafe being the center of motion. 

C o R o L. J. If, from the center of nk>tion D, we let fall DL perpend 
^icular upon BK, and DN perpendicular upon IC produced, then will P 
xDLz: Q^xDN; whence P : Q^: : DN : DL, 

Before we quit chi$ fubjeft of the lever, it may not be improper to take 
notice of one other property thereof, which is fomewhat fingular and fur- 

{arifing -, namely. That if a man, ftanding in otne feale of the common ba^ 
ance, and countcrpoi&d by a weight in the other, lays hts hand to any pare 
of the beam, and prefles it upwards, he will thereby deftroy the equilt- 
brium, and make the icale wherein he ftmds to preponderate. 

Do£tor Helfiam^ at page qi of his Leftures in Natural Philofophy^ ac«- 
counts for this property in the following manner : 



Let AB reprefent the beam of a common 
i>alance or pair of fcales, playing on the 
axis at C ; and let a man, ftanding in the 
icaje D, and counterpoifcd by a weight in 
the fcale £, lay his hand to ibnae part of 
the beam, either on the fame fide of the 
axis with himfelf, as at H, or on the 
ether fide as at K, and ^^s the fame up^ 
ward, inafmuch as aflioa and reaction 
are always e%ual } it is manifeft, diac with 
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whatever force the hand prefles upward, againft the point H or K; with 
the fame the band, and confequently the man's whole body, is preiTcd 
downward \ and therefore the icale D wherein he (lands, bears the fame 
'preiTure from his feet, that the point H or K does from bis hand : but the 
preiTure upon the fcale D, may be looked upon as applied to the beam at 
the point A, from which the fcale hangs \ confequcntly, the fame force, 
which prefles up the point H or K, prefles down the point A. Wherefore, 
putting F to denote that force, F x HC will exprefs the moment wherewith 
the arm AC is prefled upward, when the hand is applied at H ; and F x 
KC the moment wherewith the arm BC is prefled upward, the hand being 
applied at K ; and in both cafes, F x AC will exprefs the moment where- 
"with the arm AC is prefled downward by means of the reaction : if there- 
fore the hand be applied at H, it is manifeft, that as the arm AC ts at one 
and the fame time prefled upward by a force, which is as Fx HC, and 
downward by a force which is as the fame F x AC, and as H C is ever lefs 
than AQ, the arm AC muft defcend with the difference of thofe forces t 
that is, with a force equal to F x AH, which is the diftance of the hand 
from the point A. If the hand be applied at K, the arm CB is prefled 
upward, and confequendy AC downward, with a force equal to F x KC ; 
and, upon account of the readion, AC is likewife preflfed do>ynward with 
a force equal to Fx AC, and therefore it mull defcend with a force equal 
to the fum of thofe two forces j that is, with a force equal to Fx AK, the 
diftance of the hand from the point A. So that the fcale D muft prepon-* 
derate, whether the hand be applied to that part of the beam, which lies 
on the fame fide of the axis with the man, or to that which lies on the 
other fide ; and if D be put to denote the diftance of that point to which 
the hand is applied from the point A, the force wherewith the preponde- 
rating fcale defceods, will be univerfally as F x D ; that is, as the force 
which the hand exercifes againft the beam, multiplied into the diftance 
of the hand from the point A, And if the force wherewith the hand 
prefles the beam be required, it may be difcovered by throwing in as much 
weight into the fcale K, as is fufficient to balance the force of the hand, 
and to prevent the defcent of the fcale D: for putting W to denote that 
weight, ifs moment is as W x BC or AC, which being equal to Fx D, the 

AC 

moment of E F will be found equal to W x -jy ; that is, to the weight 

multiplied into half the length of the beam, and divided by the diftance of 
the hand from A, For inftance; If the balancing weight be twenty 
pounds, and the diftance of the hand from A be to half the length of the 
beam, as one to two, the forde wherewith the hand preflfes the beam*, is 
equal to twenty pounds, multiplied by two, and divided by unity •, that is, 
it is equal to • forty pounds^ From what has been faid, it follows, tha( 
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i^hen the hand is applied to that part of the beam, which lies on the fame 
fide of the axis with the man, the force of the hand upon the beam is 
greater than the weight which balances it in the fcalc E, and lefs than the 
fame when the hand is applied to that part of the beam, which lies on the 
other fide of the axis with refpeft to the man ; for, in the firft cafe, W x 

AC 

-jy is greater than W, and in the latter lefs, inafmuch as AC is in the 

former cafe always greater, and in ihe latter lets than D, 

Nffte^ All that the Doitor has here advanced, eafily follows from Corol. i. 
to Problem XXV. 

In the Philofophical Tranfaftions, N". 407, Doftor DefagaUert'i expli- 
cation of the above-mentioned property of the balance is as follows : 



AB is a balance, on which is fuppofed to hang at one end B, the fcale 
E, with a man in it, who is counterpoifed by the weight W, banging at 
A, the other end of the balance. I fay, that if fuch a man with a cane. 
Or any rigid ftrait body, puflies upwards againft the beam, any where be- 
tween the points C and B (provided he does not pu(h directly ^ainft B) 
he will thereby make himfelf heavier, or overpoife the weight W, though 
the flop GG hinders the fcale E from being thruft outwards from C to- 
wards GG. I fay likewife, that if the fcale and man fliould hang from D, 
the man by pulhing upwards againft B, or any where between B and D 
(provided he does not puth direftly againft D) will make himfelf lighter, 
or be overpoifed by the weight "W, which did before only^ibunterpoifc the 
weight of his body and the fcale. 
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If the common center of grarity of the (cafe E^ and the man fuppofed 
to ftand in it be at /( ) and me man, by thrufting againft any part of cbe 
beam, caufe the^icale to more outwards, fo as to carry the (aid commar^ 
ceiuer of gravity to kic\ then, inftead of BE, U will become the line of di» 
re<5tioa of the compound weight, whofe a^ion will be increa^d in the ratio? 
of LC to BC. This is what has been explained by feveral writers of me- 
chanics, but no one, that I know of, has confidered the cafe when the fcale i& 
kept from flying out, as here by the poft GG, which keeps it in its place, as if 
the firing) of the icaie were become inflexible. Now to explain this cafe, let 
us fuppoie the length BD of half of the brachium BC to be equal to three 
ittty the line BE to four feet, the line ED of five feet,, to be the dire£^ion 
in which the man pufbes \ DF and FE to be refpedively equal and parallel 
to BE and BD ; and the whole or abfolute force with which the man puihes,. 
equal to (or able to raife) ten ftone. Let the oblique force ED ( = 10 ftone) 
be refolved into the two EF and EB (or its equal FD) whole diredions are 
at right angles to each other, and whofe refpefUve quantities (or intenficies). 
are as ^ and 8 *, becaufe EF and BE are in that proportion to each other^ 
and to ED. Now fince EF is parallel to BDCA, the beam, it does no way 
affe£b the beam to move it upwards i and therefore there is only the force 
reprefented by FD, or eight done, to pufh the beam upwards at D. For , 
the fame reafon, and becaufe a&ion and readion are equal, the Icale will 
be pulhed down at £, widi the force-.of eight done alfo. Now fince the 
Ibrce at E, pulls the beam perpendicularly downwards from the point B» 
diflant from C the whole length of the brachium BC, its a&ion down* 
wards will not be diminifhed, but may be exprefltd by 8 X HC ; whereas 
the aAion upwards again^ D will be half loft, by reafon of the dioiinifhed 

BC 
diftance from the center, and is only to be expreflied by 8 x — ; and when 

the aftion upwards to raife the beam, is fubtraAed from the a6tion down- 
wards to deprefs it, there will (till remain four ftone to puQi down the fcale ^ 

BC 
beca^ife 8 x EC— 8 x -^r- =: 4 BC j confequently, a weight of four ftone 

muft be added at the end A, to reftore the equilibrium » therefore a man^ 
&c. pu/bing upwards mder the beam^ between B and D, bicomes heavier^ 
Q^ E D, On the contrary ; If the fcale ftiould hang at P, from the point 
D, only three feet from the center of morion C, and a poft ^ jf hinders 
the fcale from being pufhed inwards towards C ; then if a man in this 
fcale F, pufhes obliquely againft B with the oblique force above-mentioned^ 
the whole force, for the reafbns before given (in refolving the oblique force 
into two others, a&ing in lines perpendicular to each other) will be reduced 
to eight ftone, which puQies the team dircftly down at D towards F. But 
as pD is only equal to half of CB, the force at D, compared with that atr 
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B, lofes haJf k& a£don» and therefore can only take off the force of four 
ftone from the pu(h upwards at fi ; and coniequently the weight W at A 
will preponderate^ unlefs an additional weight of four ftone be hanged 
at B. ^beufore a man^ Sec. pujhij^g upwards under tbe biam^ between B and 
I>9 becomes H^ter. 

ScboL I • Hence, knowing the aUblute force of the man that pufhes up* 
wards (that is, the whole oUique force) the place of the point of trufion D, 
and the angle made by the direftioa of the force, with a perpendicular to 
the beam at the fame point %, we may have a general rule to know what 
force is added to the end of the beam B» in any inclination of the direc^ 
^on of the force or place of the poiat D. 

Rule for the fipft 40^ Fii-ft fiild the perpendicular force by the fol- 
lowing analogy, whole demonftration is known to all that underftand the 
applicatioa of oblique forces. 

As the radius : 

To the right fine of the angle of inclination : : 

So is the oblique force : 

To the perpendicular force. 

Then the perpendicular force being muhiplied in the length of the bra- 
chium BC, minus the faid force, mukiplied into the diftance DC, will give 
the value of the additional force at B, or of the weight required to reftore 
the equilibrium at A. 

Or to exprefi it in the algebraical way. Let of exprefs the oblique 
force, pf the perpendicular force, and x the force required, or vdue of the 
additional weight at A, to reftore the equilibrium. 

DE ; DF : : of : pf 
pfxBC^pfxDC = x. 

The fame rule will ferve for the iecond cafe, if the quantity found be 
made negative, and. the additional weight fufpended at B. Or, having 
found the v alue of th e perpendicular force, the equation will ftand thus— 

pfX^C+pfx t)C = — ^ i and confequendy the additional weight muft 
be hanged at B, bedaufe --* x at A is the fame as + ;c at B. 

Scboh 2. Hence it follows alfo, that if, in the firft cafe, the point of 
trufion be taken at C, the force at B, (or force whofe value is required) 
will be the whole perpendicular force 5 becauie C D is equal to nothing* 
And if the point D be taken beyond C towards A, the perpendicular force 
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puihing upwards at that point, multiplied into DC, muft be addedtotlve 
;lkme force, mult^Ued into fi C \ that is, pf xBC 4- ff X DC .= x. 



PROBLEM XXXIV. 

i 

LET ADB be an inflexible rod or lever, whofc center of moeion is ..^ 
to the extremities A and B of this lever, fuppofe the weights P and 
<^ freely fufpended ; and from a given point E in AB, let a weight M aft 
in the direftion £F, by means of a firing fattened at £, and paffing oirer 
a fmall pulley Bxed in the point F ; it is required to find the pofition dF 
the lever, when the weights are fufiained in equilibrio. 



S O L U T I O N. 

[InMgjne AB the required fituacion 
of the rod. Through any point above 
F, as 0$ draw SOR parailel to the K 
liorizon \ draw alfo to S R, from the H 
points A, D, F and B, the perpendi- 
culars AS, DT, FO and BR. From 
D, E and B, draw DC, EH and BK, 
parallel to SOR. Put AD=<», DE 
= ^ EB = f, BT = 1^, OF =«, 
TO=/, a + ^ + f = J, « + *=/i 
L, / and » for the refpedtive lengths 
of the ftrings AP, EFM an d B Q, 

ST =: CD = X} then, AS = v/a»— *«' 
4.^, AK=^l.i^2S, BR=^+ y/7=P 





S \/ \ — X 



as if z X • « ^ • 



^ n HE, whence AH = Jp 
^^x — /, and FL = v^^»— ** ^ + g 

=j 




px 
confequ«itly L E = -j- 



?1^ — -r, therefore FE 



SH 



\/i 



'X' 



J 



pK 



» v» / 



p^x 



+ i-^e + 



tl^x^f 



Hence the 



perpendicular diftance of the common center of gravity of the three 
weights P, M and Qi f rooi the horizontal line SR, will be expreffed by 
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PROBLEM XXXV. 

LET the folid and inflexible fides of the parallelogram FECDF be 
fuppofed moveable about its angular points F, E, C, D, and the op- 
pofite fides EC, FD, alfo moveable.about two pins', fixed at G and H in 
^he vertical line IG. At right angles to the fides FE and DC of this pa- 
^•rallelogram, twocrofs pieces, as QV, TZ, (which are here, confidered as 
-inflexible rods of equal lengths and weights) are faftened. Let now two 
^•yrei^hts B^and A be freely fufpended from the points <3^ and Z j it is re- 



] 







P+Qjf-M 

Vfhich being put into fluacions, made equal to nothing, and the equation I 

. ^ Ml . T. CD ^ CD DB 

whence arifmg properly reduced, will give P X ^ — Q^X ^ X ^^ 

— Ayr FL X CD FLxAE^xCD _ ^^ LExDR 

— MX FEx*AC "" FE X AH X AD* ^ ^~i*ExAU ^ ^• 

CoROL. I. When ADB obtains a direftion parallel to the horizon, 
AD will coincide with CD, AC, AH and AK will entirely vanift, and 

i^he general equation become M x ""^jtr — = Q.X DB — P x AD. 

C OR o L. 2. If M — o, we Ihall have Q^x DB =r P x AD, whence 
<l^: P : : AD : DB, By th^ firft cofollary it appears, that P x AD+ M 

JLE 
liX DE X Tff? = Q^X DB^ and hence we have an eafy method (deduced 

vfromi our principles) of determining what Doftor Defaguliers has propofed 
in the firft fcholium to the preceding difcourfe, viz. to find what force is to 
vbe added to the end of the beam B, (tec page 79 J in any inclination of the 
-direction of the force or place of the point D, to reftore the equilibrium. 
.For FE : EL (in the lall figure) or radius : fin < EFL : : MxDE : the 
^^uantity required, which mjuft.be added to the momentum of P, to reftore 
*^he former momentum of <^ 
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quired to find the pofition of the faid parallelogramy whole fides £F ani 
DC) do, -by the motion thereof, afcend or defcend in dire£tions perpendi* 
cular to the horizon, when thofe weights A and B are a juft counterpoiic 
€0 each other. 

SOLUTION, 

Imagine the pofition in the figure 
to be the required one. Draw a right 
Kne parallel to the horizon above EC, 
as MN-, produce BQ^ HG and AZ, 
to M, R and N. From F, draw F S 
perpendicular to HG ; and put HFirz 
GE = tf, HD = GC = ^ FKz:^^ 
DL = J, HR=/>, the ftrings QB, 
ZA, equal to r and s refpeftively, and 
X for the fine of the angle H F S, rs- 
dius ;=: i \ then will H S = ^ ^r, and 
confequently BM ^p-^ax-^c +r, and AN =^ J^ix^^d ^s\ there- 

tore, by Lemma i, * ^ /g ^ 

exprefles the perpendicular diftance of the common center of gravity of 
the weights A, B, from the horizontal line M R N, which mufi: be the 
greateft poffiWe ; and therefore its fluxion, wz. — BtfX+^Axz: o, henGe 
B tf =: ^ A, or B : A : : ^ : tf. 

From this inveftigation it appears, that, provided the weights are reci- 
procally as the diftances of the points F and D from the axis of nK>tton, 
an equilibrium will ehfue, be thole weights (iifpended from any points at 
pleafure in the crofs pieces QV, T Z. Nor will the equilibrium fo ob- 
tained be at all affe^fted by the pofition of the parallelogram ECDFE ; 
for in the equation which refulcs from the above exprelfion, being put 
into fluxions, and made equal to nothing, the quantities pj j, r, r, d 
and X, have no place v and con&quently the weights will, if once in 
equilibrio, conftantly remain fo, let thofe quantities ^, i, c, ' &c. be what 
they will. 

The machine delcribed in this problem, is faid to have been the in* 
vention of M. Roherval: and the furprifing property of it» which we 
have jufl: now inveftigated by an eafy procefs deduced from our general 
principle, was many years fince demonftrated by M. Parent^ in the third 
volume of his EJfais & Refcbercbes de Mtffbematique^ and of whicb the fol- 
lowing is an exai^ tranflatioii : 

M This 
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^ This machine is a parallelogram CEFD, iwhofe fides are folid and 
moveable about the angular points. It is faftened by two points G and H, 
taken upon the fides C£, PF| at equal diilances from CD, EF, and in 
the vertical fod G H I ^ about which, by means of two pins faflened in G 
and H, it freely turns. The tranfverfe pieces ZT, VG, are fixed to the 
fides CD, £F, in the points L and M. Thefe tranfveffe pieces may be of 
any length at pleafure, but their weights mufl: be in the reciprocal ratio of 
the diftances GX, G S,- of thofe fides CD, EF. The property of this ad- 
mirable balance is fuch, that if two weights A, B, are freely fufpended from 
the tranfverfe pieces ZT, VQ, in any points thereof, they will remain in 
equilibrio, jM-ovided thofe weights are reciprocally as the faid diftances 
GS, GX. 

It is evident^ that if the pa«- 
rallelogram CEFD be turned 
about the fixed points H, G, 
the weight A will afcend or de- 
fcend, jufi: in the fame manner 
as it would if faftened to either 
of the fides CD, EF of the pa- 
ralldogram 5 for, by die con- 
ftru6tion of this machine, thofe 
fides muft afcend or defcend ver- 
tically, in the fame n^anner with 
the tranfverfe beams ZT, VQ; 
and therefore if we imagine the 
weights A, B, faftened upon CD, EF, refpedtively as in L, M, their 
afccnts or defcents made in the fame time, will be coriftantly in the ratio of 
the diftances GS, GX, of thofe fides from the axis GH, or reciprocally 
as the wtights. This being premifed, let us fuppofe the weight A f for 
example) faftened upon CD at the point L, to be a juft counterpoife to 
the weight D, fufpended from any point Q in P B. In a ftate of reft, the 
weight B endeavours to turn the fide E F, from E towards H, and is hin- 
dered therefrom by the pins E F, about which the fides of the parallclo- 
?am move ; tlie pin E keeps the point E from moving in the direftion 
P, and the other pin F keeps the point F from moving in the direftion 
PP, whkh cOts NEP in P. With regard to the weight A, we may con- 
iidei* one part thereof as fufpended in C, and the remaining part in D. 
We have now the two levers C G £, D H F, whofe centers of motion are 
G and H, each being charged with a part of the weight A in C D ; the 
firft by means of a power or force derived from B, which draws the point 
£ according to the diredion N £ P v and the fecond by means of ano« 




1 
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tfaer force derived alfo from B, v^htch pu(hes the point F, accokling to the 
dircAion P F O, in fuch manner, chat, drawing the perpendiculars G N, 
HO, to NEP and OFP rcfpeaively, and the perpendicular HR upon 
C D, the force a£ting in the direftion £ P, being multiplied by GN, mud: 
be equal to the firft part of the divided force or weight A, multiplied by 
G S r and, at the fame time, the force afting in the dire^ion P F, muld- 
plied by H O, muft be equal to the other part of A, multiplied by H R; 
Moreover, as the weight B makes an equilibrium with the two reflflances 
in £ and F, the Brft of which aAs in the diredion P£, and the fecond re- 
a<as in the direftion £P, it is manifeft, that the three direAions P£, PF, 
QB, will interfe£t each other in one and the fame point P upon QB ; and 
that £F, being parallel to QB, the three fides of the triangle EFP will de- 
note the three powers ; that is, £ F will rcprefcnt the weight B, E P the 
refinance of E, and FP that of F. But as the direftions PE, PF, are un- 
known, it is evident we may take P upon QB at pleafure ; from whence to. 
draw PE, PF, and that always the produdt of PE by GN, fhall be equal 
to that of one part of A by G S (EF always reprefenting B) and at the 
fame time the produd of PF by HO, (hall likewife be equal to the re- 
maining part of A, multiplied by HR. 

It remains now to prove, that when tHefe conditions take place, the 
weight B will be to the weight A reciprocally, as S G : GK, the fame as 
if the weight B was faftened upon EF; or that B, multiplied by GX» (hall 
give the fame momentum as A, multiplied by SG; or taking EF in the 
room of B, and the two produds of PE by GN, and PE by HO, inftead 
of the fingle produd of A by S G (which was proved to be equal ro thjc 
other two produfts taken together) the produft of EF by GX is always 
equal to the fum of the produfts of EF by GN, and PF x HO -, or draw- 
ing the right lines G P, HP, cutting EF in W and JE^ we muft prove, 
that the triangle GEF is always equal to the fum of the two triangles 
G E P, H P E. In order to do this, <Jraw the right lines G F, G JE, and 
produce PN, PO, to meet HG and GH io Y and K. The triangles 
GF^, HTiE, are equal, being upon the faa)$ bafe, and betweon the 
fame parallels ; from the triangle GEF, take the triangles GEW, GFJE, 
or HFJE, and it remains only to prove, that the triangle GW^ is al- 
ways equal to the fum of the triangles EDW and FPiE ; or, which 
comes to the fame thing, that F W -f- £ F : W^ : : G X : M Q, which 
may be fhewn thus : Becaufe EF is parallel ta YK, we have Yk : EF 
: : YP : EP, therefore YK~£F : EF : : EY : EP : : GX : MQ^. and 
confcquently £ W -}- -flEF : WJE : GX : MQ^j it is therefore evident, 
that B is to L, when in equilibrio, as GS to GX reciprocally, in the 
fame manner as if the weight B were fufpended at £; it alio follows 



Thbort and Practice £/* MECHANICS. 87 

from hence, that the weight B, being fufpended from any point in V Q^ 
Caken at pleafure, will be a juft counterpoife to the other weight A/' 

Notwithftanding M. Parent has in the inveftigation before us clearly de- 
duced the propofed property of Robervar% balance, by the application of 
the method of dividing forces; yet the whole proccfs appears much inferipr 
to the foluuon we have given by that general property of the common 
center of gravity of bodies, fo conftantly applied to the folutions of the va- 
rious problems contained in this treacife« 



i 



PROBLEM XXXVL 

FROM the given points A, G, in the horizontal line AG, Jet four 
, beams AC, CD, D H and H G, joined together at C, D, H, and 
moveable about the points A, C, D, H, G,* be fufpended. It is required 
to determine the pofuion in which thofe beams will be fuftained at reil, 
fuppoling they are of an equal and given length, their centers of gravity in 
the middle points K, M, O, Q, and* the given weights of AC, CD, refpec- 
tively equal to thofe of GH and HD« 

SOLUTION. 

Suppofe ACDHG the required pofition. From the points K, C, 
M, D, 6fi:. draw KI, CB, ML, DEj 

and perpendicular to the horizontal line A JL B Ji E G 

AG, draw CR parallel to AG. Put AC 
r= C D rr 2 J', A E = », A 1 = x, and 
W for the weight of AG or HQ, w for 
the weight of C D or D H ; then I K =: 

v/i* — x\^ B C = 2 s/d"- — x\^ n — 2 X 
=: CR, and V^d^—'i^^c^ = DR, 

whence 2 x/d"- — x^ + ^y^^ — «— a*^ = E D, 

^ 2W-t-2W 

expreffes the diftance of the common center of gravity of all the beams 
from the horizontal, line AG, which muft be a maximuq^pi^-^t^ereforc 

"^ X X "^XX n^xY.T'X 




4 v/</'— **■ + \/A^*—7r^ 






J '^ 
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„, AI . AI CR r==-- AB 

wegetWXjQ+«»Xgj=wX pg^* orW+2WX^ = » 

CR 

If the points A, C, D, H, G, are in the periphery of a femicircle, then 
AE =: ED i and becaufc AC = CD, by the problem, the angle A E C 
will be 45 degrees; confequently the angle ACB 22^ 30', and CDR 

AB CR 

67**» 30'; Qj\ *'^d"nR ^^^ ^'^^ tangents of the angles ACB, CDR, re* 

%edlively, radius being unity ; hence W + 2 w X tangent of 22''. 30". = or 

X tangent of 67^ 30'; that is, W+ iw X 4142 135 = w x 24142 135, 
and therefore W = w x 3*82, 

Let the points A, C, D, H, G, be fituated in the periphery of a lemi- 
ellipn<!, whole tranfverfe diameter is AG \ femioonjugate diameter ED, to 
determine the ratio of W to w. Put AE = /, ED = c, EB = CR = ;ff r 




€C ■ , . _ €C 



then will BC* == — x // — xx^ and AC*=: — X /#— ^* + /— ;»*; but x? 

+ c X v//*— x»' = CD* = AC*, therefore ;c*+^*-— ~ i/fw?v 

=: /— ;? ; hence x:^ J " 4- - — — ^9 wherein m = • , 

/* ,. 

and n = -. Let this value of x be fobftituted in the equation W+zw 



/— jr 



X JL X vZ/^i:^ = ^^ X /_ i-xv/jn:^* ^*^*^^**^ the fame mth W+2w 

AB CR 

X ^ = w X gg-, and thence the ratio of W to z» may be determined 

in terms of / and c. Suppoie, for example, f = 2 r« then will x = 

1*157 X ^, and therefore W+Tw X i>308 = w X 3»254 5 hence W 
=z ,48 w. 

Let us now fuppofe the points A, C, D, H, G, fituated in the arch of 
the common or conic parabola, whofe axis is ED, correfponding ordinate 
A G, and parameter p. Put AE = EG = tf, ED = *, EB = Xy then 

AB X BG = tf* — ;e* ; and, by the property of the curve, — r — = BC, 

RD = *~^-~^i and becaufc AC =Cp by the problem, we (hall 

liave 

\ 

J 






^^i^w>- 
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have this equation, «— * + p, = «f» + -*^ — r^ ; which, pro- 
perly reduced, gives « = " V 2^' ^' + a^* <»* — ^^ jf j^ the general equa- 

^ AB CR 

tieri, WhFTw x ^ = w x ^, we fiibfthute for A B, C B, C R aad 

DR, their refpeftive values* in terms of «, *, ^ and jp, there will refuk 
Wx =: tf w— ;r«; ; and again, for x in this equation, fubftitute the above 

found value thereof, and we (hall have — ^^^ ^^l-n — — 

•*- ^ W = a*« «; 4- ii* w— «; x v^2tf» ^»+2^*+aS^from whence the ratio 
oTW to «r may be afcertained in terms of a and ^. 



r: w 



,et 4 = #9 Chen die laft equation will become W x \/~p- 
y/p, whence W = ,618 %». 



wtm 



PROBLEM XXXVir. 

OTHER things remaining as in the lafl: problem, let there be five 
equal and fimilar beams foipended as before 1 to determine the pofi- 
tion in which they will be fuftained at reft. 

SOLUTION. 

Let ACPNLI be the required pofition. Draw from the middle 
points K, E, O, of the beams AC, ahix^ Tk q t? 
CP, FN, the lines KT, ED and A^ffP > — £ 
O F, each perpendicular to the hori- 
zontal line AI ; <iraw alfo CB and PS 
parallel to D£, and CY to A I ; let 
W reprelent the weight of the beam 
A C, or its equal I L, w that of C P 
or NL, and u that of PN. Put AC 
= CP=PN = NL = LI = 2</, 
AF = FI=iw, AS = m — J=», AT = jr; then AB == 2^, BC= 

2v<3w^ PYnv/pC^^ ng ~ y/'Ad^--^:=ix Ar 4 y/^'-^sI 

A a 




, » 



1 
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and PS == v^4^» — «— x*^ + 2 s/a'^ — x*J Now by Lemma i, the perpendi- 
cular diftance of the common center of gravity of all the beams, from the 

horizontal line AX, will be exprefled by ' \xr « ^ ^.. i .. 

For T K, D £, and S P, in this expreffion, fubftitute their values as above 
found, we have 2W+4W+ 2« x \/d^ — x^ *+ w+u x v^4^* — »^^^;^a 



maximum, which being put into fluxions, and properly reduced, gives 

w AB CY 

W+2w+« X g^ = w + « X pY* 

If the points A, C, P, N, L, I, arc in the periphery of a femi- 
circle, whofe diameter is AI, then the angle CAT will be 72 degrees, and 

AB CY 
the angle CYP 54 degrees j therefore g^ and py arc the tangents of 18 

and 54 degrees rcipedtively, radius being unity; confcquently W+2tt;+« 
X 3249x66 == «;+« X 1 37638 19 ; and, by affuming the value of one of 
the quantities, the ratio of the other two may be determined. 



PROBLEM XXXVIII. 

SUPPOSE eight equal and fimilar beams are fufpended after the 
manner defcribed in the two preceding problenas, and ABCDENA 
ro reprefent one half of the figure they will form when in the required" po- 
fition, and which we are now to determine. 



AFCfH T K li 



SOLUTION. 

Let the middle points O, P, Q, R, 
be the centers of gravity of the beams 
AB, BC, CD, DE; and alfo let thofe 
letters reprefent their weights relpec- 
tively. Draw OF, BG, PH, iSc. per- 
pendicular to the horizontal line AN; 
and BS, CW, DT, parallel to it. 
Now it is evident, by Lemma i, that 

2FOx04-2HPxP-f2KQxQ.+2MRxR 

' 20 + 2P+2Q:+-2R " 

is the perpendicular diftance of the common center of gravity of the eight 
beams, from the horizontal line AN; therefore the numerator of this 




■will •!■ ■ 
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fi-aftion, w, which comes tO: the fame thing,, O+P x BG+ F4-O X CI 
+Q+R X LD+NE X R» muft be die greatcft poffible. This being pre- 
mifed, put AN = «, AB=:BC = CD=:DE = ^, AG=x, GI=jr, 
IL=2:i then BG= y/d'—x^i CI= \/rf'— x'' + >/b'—y\ 'DL= \/ii'— Af»' 
^ y/l,t—y* 4. ^rf» — z», ' and E N = \/^» — ^» " + \/h'-—y^ + v^d' — i'' 
4. y^(i» — ,_;r_y_«-i} therefore O + i* X v/'^i' — a;*' + P + Q. x 
V^j«— *»» 4. >//.«— jy« + QjfR X >/^ '—;<;''+ s/b'—y' '+ v^<^»— 2'' + R 
X v/</*— >:''+ \//^'— :?*'+ v^<<* — 2*'-^ v/^' — „-.x~y~^^i a maximum. 



In fluxions with a; only floii^ing the reft conftant gives, when properly re- 

, _— - AG _ AG AG „ AG 

duced, O+P X 3Q + P + Q^X g^ + C^+R X gQ + R X g^ = 

R X £^y or + 2P+ 2QJ-2R X g(T = R X ^ ; and by taking the 

fluxion of the exprefllon for the maximum, with x and z conftant, we (hall 

GI GI „ GI LN „ , DT 

have P+Q X g^ + QjhR X §c + ^ ^ SC ^ ET ^ ' ^"^^ ET^ 



BS 



R=: P+2Q+2R Xq^; and laftly, by making z flow, the fluxion of 

DT 

the faid expreflion will, after due reduftion being made, give g-r, X R = 

IL ^ IL .-._ CW DT 



CL+R X 5^ + R X g^» whence Q +2 R x ^^ = £^ X R* 

From thcfc three equations, viz. 

0+2F+2C^+2R X gQ 

^. BS I DT 

P+^Q:i-2R X 03 >. = ^ X R. 

CW 



Q^+2R X 



DW 



by afluming the value of R, the values of Q, P and O- may be eafily, 
determined; and hence the law of continuation, by whicK the ratio of 
tlie weights may be found, becomes manifeft, let the number of beams 
fufpended between the points A and E, be what they will : for fuppofe 
0> P> Qi Ri S, T, U, i^c. reprefcnt the refpedtive weights, placed at the 
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middle points O, P, Q, R, &A of the beams, cfae general equa 



then be 



AG 0+aP+2Q^2R+2S, (Se, 



BS ♦ P+aQ+aR+aS, 6ff. I jy^ 

CS ^ • ? = g^ X S, 6?.'. 

Gf*. tff. 6ff. 

If the points A, B, C, D and E, are placed in the arch of a circle ; that 
is, if AN ( = N£) is the radius of a cinrle, whole periphery palles through 
the points B> C, D ; then, by the property of that carve, the angle ABG 
will be 1 1°. 15', BCS will be 33». 45'. CDW sl^\ 15', and DET 78'. 45, 
whence the ratio of O to P, P to Q^ tie. may be eafily determined. 



PROBLEM XXXIX. 

ALL other things remaining as in the laft problem, let the weights 
O, P, Q and R, be placed at the angular points B, C, D and £, in- 
ftcad of the centers of gravity O, P, Q, &r. of tne beams, which are here 
confidered only as ftrinffs that lerve to keep the weights in equilibrio } it is 
required to find the pomion of thofe weights, when faftained tt fed or id 
equilibrio among themfelves. 

SOLUTION. , 

T • M . u T .u . 2BGx O+2TCX P+2LDxQjf NEx R 
It IS evident by Lemma i, that aO+zP+2Q+R 

is the perpendicular diftance of the common center of gravity of all the 
weights from the horizontal line AN. Sub{titute9 ^ before, for BG, I C, 

i^c. and we fliall have 2 O x\/^» — x'^^ 2 P x v^^/*— x*'+ 2 Pxv^^*— J^*^ 

+ 2Q^x \/3*^^^+ ^Qji v//»*— j*'+ 2Q^ %/3^^^P+ Rx\/^*— A*^ 

+ R X y/V^y^+K X y/d^^z^^+ R X v^^CI^^^V^ which muft 

be a maximum. In fluxions, with y and z conftant, gives 2O +2 P + 2Q^R 

AG F)T 
X £Q = gj ^ ^ ^ ^^ ^ taking the fluxion of the fame expreffion, with $$ 

and 
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, BS DT 

and 2 conftant, we fliall have 2Q+ zf + R X ^s = ET ^'^ '' ^'^^ '*^'^' 

C\Y DT 

by making 2 flow, we Ihall have 2 Ci4- K X gi^ = j.-^, x R i hence 2 Q^ 

: R : : tan < DET— tan < CDW : tan < CDW, and 2 P : 2 Qji- R 
: : tan < CDW— tan < BCS : tan < BCS j alfo 2O : 2 P + 2Qjf-R : : 
tan <C BCS— tan <. ABG : tan <: ABG. 



If the points A, B, C, D and E, are fituated in an arch of a circle, whofe 
radius is AN ( 2: NE) then the general equations will become 

2Q-i- 2P-:-2Q^R X ,1989123 1 

2P+2Q£fR.X ,6681786 > = R X 5>o273394- 
2Q^K X 1,4966057 J 

whence we get Q.= R X 1,142447- P= R X 2163003. 
By the preceding general equations, viz. 



AG 



20 + 2P + 2Qj|-RXgQ 

BS I DT 

2P+2Q,+K X sc [ = E^ X R, 

2CL+R X Dw 

DT DW 
the ratio of O, P, Q^ R, may be determined, for 2QjhR = ex ^ CW ^ ' 

therefore 2P+ ^f X §^ X R X gc = ET >< ^' ^^'^^ 2P= R X gs >^ 



DT DT DW J _ „ SC DT DT DW - DT DW 
ET~ET^CW'*"^*^+^^BS^ET~~ET^CW*" ^ET^CW 

X gp = g^ X R > from hence we get the following ratios, 2 Q^: R : : 

DT CW CW r\ -D ^^ 

ET "" DW ' DW' °^* ^^^^^ " '^® ^^^ *'"^* **<■,•• CW "" 

ET ET „ ^ SC DW ET , ri u • • ^^ SC ET 
g^ : 5^i 2P :R : : sl-CW = gf' """^ *"' ^ ' " AG^SB • DT 

B b 



94 ^« ^^fy I N T R O D U C T I O N /(> the 

Therefore if at the points D, C, B, 6?r. ^perpendiculars be eredkcd to DC, 
C B, fcf^. refpeftively j the weights to be placed at thofe points, in order 
to preferve the equilibrium, will be direftly as the difference of the tan- 
gents of the angles which thofe perpendiculars make with the line £ N. 
For fuppoie D N and C X drawn perpendicular to E D and D C refpec- 

DW ET ET 
lively, then becaufe 2 Q : R : : ttt^ •— j^^ : jyj; » 2 Q : R : : tan 

<; DC W — tan < EDT : tan < EDT, radius being unity; but 
< DCW = < CXE, and < EDT = < DNE; and fince this holds 
equally true of the ratio of the other weights, as of 2 P to R, or of 2 O 
to R, ^c. it follows, that the weights are as the difference of the tangents 
of the angle"", which the correfponding perpendiculars make with the axis 
of the figure. 

In this and the three preceding problems, it will make no manner 
of alteration in their folutions, if the beams, inftead of being fulpended, 
were to fuppert themfelves in a vertical pofition, by means of the 
weights, placed at their centers of gravity, above the horizontal line ; 
or, which is the fame thing, if the figures were inverted and placed ia 
a plane perpendicular to the horizon, becaufe the expreffion for the maxi- 
mum in one cafe, and the minimum in the other, will be exadly the 
fame. 



PROBLEM XL. 

THE ftring-PAHGFEP Aides freely over two fmall pullies, placed 
at the points A, E, in the horizontal line AE; at the middle point 
G, between the equal weighrs P, P, (which arc appended to the ends of the 
firings) a given weight 2W is faftened ; and at H and F, equidiftant from 
O, are alfo faftened the equal weights «;, w. It is required to find the po- 
rtion of the ftring, when the weights P, P, fuftain in equilibrio the other 
weights w^ 2W, w. 

A h C V K 
SOLUTION. 

Suppofe it done, and AHGFE the 
fituation required. Draw BH, GC, FD, 
perpendiculars to AE, and HK parallel to 
AE. Put HG =GF = w, AC = », 
/ for the length of each of the equal ftrings' 
HAP, FEP, AB=:;c, AHziz; then, 
by Lemma i, the perpendicular diftance of 




:^'\V 



r 
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the common center of gravity of all the weights from the horizontal line 

AE will be ^ ^ P*^ ^ P^+ ^^ \/g'— y*' + C^^^z;^ + y/z^-^V 2 W , 
* 2F+2W+2W 

this cxpreffion being put into fluxions, with x conftant, gives — 2 Pi;+ 2W 
X J I + 2W X y > = o, whence Px BH z= w + W x AH, 

Let the fame expreffion be again put into fluxions, with % conftant^ and we 



fliall have — w — W x 
^. AB 



XX 



BC 



S+Wx 



HJJC 



XX 



v/ 



IW* — 71— ;r 



[^ n o, whence we 
BC AB 



get w+Wxgjj = Wx Qg i therefore te? + W : W : : ^ : gjv 
:.• «; + W : W : : tan <J HGK : tan < AHB. But tan < HGK : 

tan <J AHB : : ^^^ ^ qhK * tan < HAB ' ^^'"'^^^ ^' ^^"^^^* "-^^^ "^ 
4- W : W : : tan < HAB : tan ^ GHK, and confcqucntly w : W : : 
tan < HAB— tan < GHK : tan < GHK. 



PROBLEM XLL 

OTHER things remaining as in the laft problem, let five weights 
be fuftained in equilibrio, by means of the equal weights P, P, 
to determine their pofition when counterpoifed by the weights «. w» 

SOLUTION. 



i\T D f; 



Draw as before H B, I L, G C, fcfr. perpendiculars to the horizontal 
line AE, and HT, 1 K, parallel to it. Put 
HI =:IG = GSz= SFzi»», AC =z n, I 
for the length of each ftring HAP, FEP, 

AB =1 x^, AH zz 2;, BL = J ; then LC 
— ;^ — X —J);, and B H z: \/z^ — x^^ L I 



= v/z:*^^^ + \/^/i*— jy*/ C G z= \/2* — x"^ 

+ \/f/2*— jy*^ + \/m*— ^tZ^^irj* J therefore 
the perpendicular diftance of the common 
center of gravity of all the weights from the horizontal line AE, will, by 




i 



96 



An eafy I N T R O D U C T I O N <» th 



Lemma i, be expreffed by ^ ^ —2^^ . - t. ^ ^ — [- 



2P+2« + 2W + 2W 



2VV X v/2— AT-^H- v/^^-^+ v/i 



^+2Px/— ; 



.. Txr . » which being 

2P + 2W + 2« + 2W ° 

put into fluxions with ^ and z conftant gives, afcer due reduftioa, tc; + w 

FIX K I 

X yj. z= W X 7>j? i the lame expreffion being put into fluxions, with x 

and J conftant, produces this equation, P X BH z:, IT^w+W X AH ; and 

• AB IK 

laftly, by making x flow, we (hall have w+w+W X grj = q^ X W. 

Hence the law of continuation becomes known, let the number of weights 
fufpended (under the conditions mentioned in the problem) between the 
points A and G, be what they wilL 

CoROL. r. The fum of all the weights fufpended between the points 
A and E, over which the threads or firings freely Aide, is to the two fuf- 
taining weights 2 P, as the fine of the angle which the firing makes with 
the horizontal line AE to radius -, and confequently the fum of thofe weights 
is as the fccant of the angle, which that line makes with A P, a perpendi- 
cular to the horizon. 

I K A B 

C o R o L. 2. 2 P : 2 W : : ^^ : xtj> that is, P : W : : tan ^ KGI 

: fee <J AHB. 

CoROL. 3. If a curve ADH of any kind (having its curvature 00 
each fide the axis DO exaftly alike) 
be fuftained in equilibrio by means of 
weights B, C, D, £5?^. placed thereon 
at the points B, C, D, &c. indefinitely 
near each other,anyone of thofe weights, 
as B, will be direftly as the diff^erence 
of the tangents of the angles, which 
the radii of curvature drawn from thofe 
points, make with the axis of the 
figure ; for, by the foregoing general 

HT 

equation, viz. w +W X yt "^ ^ 

TK 
X 7^> we have w : W : : tan < IHT— tan <| GIK : tan <1 GIK, but 

u : 
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« : W : : tan ^ HAB— >ttn ^ IHT : tan < GIKj therefore if W, and 

Che tangent of GIK are fuppc^bd conftantly to remain the lame, then w will 
fee as tan ^ IHT— • tan ^ GIK, and u will be as tan ^ HAB-^ tan 

^ I HT ; and coniiBquencly in the above figure, the weight B is equal to 
the diflPerence of the tangjeats of the angles BSD, CRD, multiplied by a 
conftant (givM) quandtf • 

C o Br o L. 4* The principal property of the catenarian curve may from 
hence be eafily derived. Let the given wdghti be equal to each other, and 

IK 
ftippoie Q|7 a conftant quantity, as it really will be, at the vertex G of the 

figure (the lafi: but one;. If now we put / for /, the number of weights or 

IK 
length of the firing G I H, « for the conftant quantity g|p x W, x for the 

fluxion of any abfcifla or variable part of GC, y for that of its correfpond- 
ing ordinate, we fhall have (by the equation refulting from the maximum 

in tlie problem) -^ =: y, and confequendy > : x : : ^ : /, a well known pro- 
perty of the catenaria* 

The inveftieadon of this property of die catenaria was, many years flnce, 
publilhed in the Philofophical Tranlaftions, by Dodor David Cregoryy as 
follows : 

^^ Let FAD be a catena, hai^ng 
on the extremities F and D; the 
loweft point of which (or the vertex 
of the curve) is A, the axis AB per- 
pendicular to the horizon, and the 
ordinate BD parallel to the fame^ 
we are to find the relation between 
B^ or D<^ and d^^ fuppofing the 
point b infinitely near to B, and ^3 J 
parallel to B D, as alfo D ' to B A. 

From the principles of mechanics, it is plain, diat three powers which 
are in equilibrio, are in proportion to one another as thiee right lines 
parallel to their refpefiive diredlions (or inclined in any given an^e to 
them) and terminated at their mutual interfeftion ; and conlequendy, if Di 
expounds the abfolutc gravity of the particle D J (as it will be in a catena 
equally thick) then di will reprefent that part of the gravity which afta 

Cc 
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perpendicularly upon D^, and by which it comes to paft, that iD (berngr. 
by the flexibihty of the chain moveable about d) endeavours to bring itfelf 
into a vertical polition. And therefore if id (or the fiuxion'of the ordi* 
nateBD) be conftant, the adion of the gravity exerted perpendicularly 
upon the correfpondent parts of the catena D^, will alfo be conftant, or 
every where the fame. Let this adion or force be expounded by a. 

Farther, from the above cited propofition in mechanics, D^, or the 
fluxion of the axis AB, will expound the force to be exerted in the direftion 
rfD, which is equivalent to the former endeavour of Dd (by which it tends 
to bring itfelf into a vertical pofuion) and is fufEcient to hinder it. 

But this force arifes from the linea gravu^ DA pojling with the direftion 
^D, and ra confcquently (all the reft continuing as before) proportional to 
that line DA. Therefore idy the fluxion of the ordinate, is to (TD, the 
fluxion of the abfcifla, as the conftaot quantity tf, to the curve DA. 

If the right line DT touches the catenaria, and meets the axis AB, pro- 
duced in Ti then will DB : BT : : ^if : JD : :) « : DA." 

*^ • 

Mr. Mac Laurin^ at page 472 of his Fluxions, gives the following invef- 
tigation of this property of the catenaria : " When two powers fuftain any 
body or figure that is fuppofed to gravitate, a right line from its center of 
gravity, perpendicular to the horizon, pafles through the interfeftion of 
the right lines in which thefe powers aft, which, with the gravity of the 
figure, are in the fame ratio to one another, as any three right lines confti* 
tuting a triangle, that are parallel (o the refpedive direftions of thefe powers. 
Hence the nature of the figure is difcoyered, which is aflumed by a heavy 
chain or perfeftly flexible line, that is fufpended from any two of its points. 
Let FEH be fuch a line, F its loweftmoft point, where the tangent FT is 
parallel to the horizon ; ED an ordinate, from £ 
to the horizontal line AD -, ET the tangent at E, 
interfefting FT in T 5 and G, the center of gra- 
vity of the portion EF of the line or chain. 
Then the three powers are, the gravity of the 
chain, which afts in the perpendicular to the ho- 
rizon, and the powers at F and E, which retain 
thofe extremities of the chain, by adling in the 
tangents FT and ET, and are equal to the ten- 
lion of the chain at thofe points. Therefore, 
by this principle, the perpendicular from G to 
the horizon pafles through T; and if EI,' pa- 
rallel to AD or ET, meet TG in I, the weight 
•f the part of the chain FE, will be to the tenfion of the chain at F, as 




D 
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I T to E I, or as the fluxion of the ordirute DE, to the fluxion o£ the 
bafe AD^ conlequcntly the tangent of the angle lET, in which the curve 
interfefts a parallel to the horizon at any point E, is always as the weight 
of the portion FE of the chain at any point E, is to its tcnfion at F, as ET 
to E I (by the fame principles) or as the fluxion of the curve to the fluxion 
of the bafe, and is as the lecant of the angle I ET or ETP." 

But to (hew how this lafl: mentioned property, viz. That the tenfiort at 
any point E, is as the fccant of the angle lET, may be deduced from bur 

HT 

method of inveftigation ; let the general equations, w + W x "ttt = W x 

^, P X BH = w+ir+W X AH, and «+w+W X gjj = Wx Qgt 

(fee figure on page ^5) be again refumed, then by the firft we have w+W 

IT IK BH 

= rrp X g]^ X W, and by the fecond P x rrj = «y+W (u being r: o) 

Tl IT I K HI 

whence P x Uj = jq^ X gK ^ ^ * confcquently P is as jj^ ( fuppofiag 

I K 

^1^ X W conftant) that is, P or the force in I, is aa the fecant of the angFe 

IHT. By the fame way of reafoning it will appear, that P, or the tenfion 
when u takes place, will be as the fecant of the angle H AB \ for ir+tc^+W 

PxBH , • ^ „ AB „^ IK , „. AH 

z= Ajj > MO therefore P x tT5 = W X qjf; hence P is as ^^i or 

the fecant of the angle HAB, which (hews that (in the laft figure) the ten- 
fion at £» is as the fecant of the angle lET or ETP. 

Now in order to determine the algebraical equation of the catenaria^ltt ad 
equilateral hyperbola AH, whofe femiaxis ACzza^ be defcribed upon the per« 
pendicular AB, as an axis ; as alfo upon the fame axis and vertex, a parabolaAP, 
whofe parameter is quadruple the axis of the hyperbola ; jthen will BF, (mak« 
ingHF=AP)the . 

femiordinate of the \^ s o ulA. 

catenariaj be equal 
to the difierence 
between the length 
AP of the curve of 
the parabola, and 
the ordinate of the 
hyperbola -, for put 
AB = ;v, thenB^ 
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• • • 

zzx^ aind BH = \/2«x+xS' whence mb the fluxion of BHz; --prr.^:;,-^ 

Again, iince the ptrabola AP has for its parameter 8 ii, HP will be equal to 

\/Sax^ whole fluxion upi% . n ., Wherefore the fluxion of the curvo 

\Xzitx 



as appears by multiplying both numerator and denominator into y/za-^-xI 
And fince HF is every where = AP, the fluxion of HF, that is, mb-^ sf 

will be ■ .> But we have hitherto found mb zz * y l > thei^« 

y/iax-^-x^^ ^zax+x^ 

fore sf (the fluxioti of B F) the ordinate in the caienaria^ zz . ^^ 

\/2ax^x^ 

and coniec^uently the fluxion of the curve AF (that is, F/ — v/i/*+F/*^ 
— - j-x* ) « y ■■ ', ; the fluent of which was fliewn but 

cow to be \/MXHh^ and therefore AF = v^mx+3?) And it is plam, 

that the fluxion of the ordinate BF, or ^ s > is to x, the fluxion of 

the abfinfia A B^ as the confliaoc ^antity a^ to the curve AF, which wit 

the property of the catenaria found above. If the femiordinate of the ca» 

ex 
ienaria pe put equal to jr, then -■ ;)■ i ■ n ^ zzy ; and by taking the floenit o# 

cachiide the equation, wie ihall have ca x log. aa+ax+ax/i^x^xx^zzy^ 
which, when x = o, becomes « x log. aa 5 but then yzzo alfo, therefore ir 

X left. tfig+tfAgH>4> v^atfy-^<r*'--,,jxlog.#tf,ortf xiog' ^"^^"* - ^ ''^^^ =>* 

Let z be put for the leng th of the curve, then \^2ax+x^zi 2, and con- 
fequently x zz x/zz^^^^ a. 

Thofc who are defirous of feeing the inveftigation of other cmiotif 
properties of the catenarian curve, will find them el^antly done by 
Dodor Gregory^ in the fccond volume of the Mifcellama Qtrifijs, pub- 
liftied in the year 1708. 



e • • 



PROBLEM 
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PROBLEM XLIL 

IET C, equidiftant from the points A, B, be the fulcrum of tjie in- 
j definite lever AC BE. From the point B, it is required to draw a 
curve £ F $9 fnch that, having appended a given weight P, at the end A 
of the lever, and drawn from any point in AE, as D, a right line D F per- 
pendicular to AE, and SRF a tangent to the curve m the point F ; a 
weight Q, equal to the former weight P, refting oh the tangent RFS, as 
an inclined plane, and fupported in a direftion QjO, parallel to this tan- 
gent, by means of a firing QOD, fattened to the poir.t D, and weight Q, 
and paffing under a fmall pulley at the point O, (hall be an exadb coun^ier- 
poife to the weight P. 



SOLUTION. 



AC 




It is evident, from the nature of the lever, that ^^ X P, will exprefs 

the weight, which, 
being freely ft»%end- 
ed from the point D, 
will keep P in equi- 
librio. Now if we 
imagine QjOD to 
Hide freely over the 
point D, and to its 
end a weight append- 
ed, which fhall be 
juil fufficient to re- 
tain O at reft upon 
the inclined plane R F S ; that weight, and the fbrmtr which kept P in 

AC 
cquilibrio, viz. pg x P> will be equal. This premifed, put AC= CB= 

4, B D = ^, and D F = ^ 5 then the fubtangent D R will be expreffed by 
•^, therefore RF = ^ x v/5F+y^ By Problem III, we have RF : 

y y ^ * 

^ DF 
DF : : Q^ : j^ X Q> the force whereby Q^ endeavours- to dcfcend along 

AC 
the inclined plane RS ; but this force is alfo equal to ^g X P* therefore, 

DF AC 
<bccaufe Q= P) ^5^= ^tr, and RF : DF : : CD ; AC 5 that is. 



RF - CD' 



D d 
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"^ X v^xM^ : y : : a+x : j, or v/x^+j/'^ : ^ : : tf +x : «, whence x» 



+j/* : y :,: tf+x* : a*, and x*+y* — j^» (x*) : x*+y* : : tf+x* — a* {xaic 
-^xx) : tf+^*, confequently x : v/^* +7* ^ : : v^ITx+lcP : tf+AT; mul- 
tiply extremes and means, we have ax+xx zz \/xH-J*^X \/2ax+xXi 

HX "^XX - 

whence > \ 1 ■-. = \/x*+y*i' and by taking the fluent of each fide 

the equation, the length of the curve BF becomes equal to x/zax+xx^ znd 
therefore the curve B F S is the catenaria. 

This curious problem I received from the authors of the late Imperial 
Magazine, to whom it was fent (in a letter (igned George Lane) ; but as 
that work fub(ided before the receipt of Mr. Lane*% Letter, it has obtained 
a place in this treatife. There is a problem limilar to this, propofed by the 
younger Bernoulli^ in the Journalies Scavant^ vol. xx. p. 280 ^ but no fo- 
lution (till the above) was ever given to it, as I can find. 



^m. 



PROBLEM XLIIL 

LE T the axis E B of the given parabola E B F, be produced to a cer- 
tain point A ; over this point, by means of a fmall pulley, fuppofe a 
firing PAD (to whofe ends the weights Pand D arc faftened) freely paflcs^^ 
it is required to find the pofition of the weights D and P, the former rett- 
ing upon the curve of the parabola, and the latter freely fufpendcd, when 
they are a juft counterpoifc to each other. 



SOLUTION. 

Through the point A, draw a riglit line pa- 
rallel to the horizon ; and let D be the point re- 
quired, in which D will be fuftained at reft by 
means of the weight P. Draw D S parallel to 
the axis BE; and from D, draw the ordinate 
D C, and join the points D, Ar Put A B rz la, 
B C rz «•, C D n J)?, 2 p for the latus reCium of 
the parabola, and / for the length of the ftring 
PAD 'y then by the nature of the curve, we have 

2px zz yy^ whence A D zz x/Tpx+^^P^ and 
APrz/'—v^i^^^T^^^but AC=.v+^; and 
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confequently, by Lemma i, the perpendicular diilance of the common center 
of gravity of the weights D, P» from the horizontal hnc AS, will be ex- 



prcflcd by 



PH/~P X v^2jiSr+^+;r**+I> X ^+ D X^ 



P+D 



, which muft be the 



ereateft poffible. Therefore Dx' = P x . == s . whence D x AD 

= Pxi>+PxAC. 



*"^ 



PROBLEM XLIV. 

TO find the nature of the extrados V P X- of the propofed circular 
arch AdYj fuch, that the parts thereof (hall be in equilibrio by the 
weights of the vouflbirs alone, without the help of any wall or counter* 
fort, provided only that the abutments be of fufficient ftrengch to bear the 
weight of the whole areh. 

SOLUTION, 

Let B be the center of the circular arch A^Y, AB its vertical radius, 
BK the horizontal one, 

at right angles to each P_ Q_ V 

other-, and fuppofe gdmn 
(whofe joints g d^ mn^ 
being produced, would 
pafs through the center 
B) one of the vouflbirs, 
whofe extrados ^ » is re- 
quired. Produce BA to 
O, fo that the axis of 
the key-ftone Q^PVZ 
may be of the given 
length ; draw an indefinite tangent, as CATX, to the point A, the vertex 
of the arch. From the points dy w, (fuppofed indefinitely near each other) 
let fall upon AB the perpendiculars JF, wE; and alfo ^G perpendicular 
to «iE. On B, as center with the radius B^, defcribe the arch gpy inter- 
fering 'Rmnixi p\ let R and T be the points in which the joints B^, B», 
interfeft the horizontal line AT. The angles F^B, ARB or ATB, arc 
equal, becaufe of the parallels AR, F d^ and the indefinitely fmall arch dm. 
Now if ^B be taken for radius, BF will be the fine of the angle BrfF or 
B TA, and dm the fine of the angle d^m\ theiefore B F is to J/t^^ as B R 




1 
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to IIT. Moreover, the angles FdG, Bdm, being right ones, the tri- 
angles BF^/, mGd, will be fimilar. PutAB = tf, BF = a, FD=:>, 
a(J =zFE zzu, Gm=y, B^ = j, andBO=/i thtn-P d : dB : :dG 



dtn^ that hj y \ a : : u : — zz dm i and again, BF : Bi : : AB : BR, 

whence BR zz — , alfo BF : dm : : BR : T R = -— . It has in Corol. 2, 

Problem XLI, bet^ii proved, that if TR be multiplied by a conftant 
quaniicy b^ taken at picafure, the produft will give the weight with which 
the vouffoir dn muft be charged, in order to preferve the equilibrium of 
th'i arch. Now as the Iblid parr of the arch is compriJed between two ver- 
tical planes, it is evident, that the faces of the vouflbirs, which are the 
trapezia gdmn oi gdmp^ may ferve to expound the Weights of the vou^- 

foirs, therefore gdmp will always be equal to — i — . But by reafon oF 
the fimilar feftors B^w, B^^, we have Brf* {a) : B^* — Sli* (jj — aa) : : 

Bdm ( — X~; : dgfm(s^^a^ x -1 hence j*—«» X — = 



y 2/ ^^ \ ly J 7,y yu^ ^ 

2a ^ b a 

and ss'^aa n ~-7-> from whence we get 5 r: — X \/^ab + «*^ this, 

if 

when wzL ay becomes ff zz lab + aay confequently b zz -*- — . Let 

this value of b be fubftituted in the equation j = — x/iab + « % ^ it be- 

a ^. I ^ 

comes J2:— X vv* — ^*+«*; draw the ordinate |^ I to the axis OB, 

then will B I be a fourth proportional to Bd^ BF, B^, and is therefore 
equal to v//*— tf»+«0 Hence this conftruftion : 

Take the key-ftone QPVZCtat pleafure, the lines VZ, PQ^ tending 
to the center B. From A, draw the horizontal line CAT; and from the 
center B, with BO as radius, defcribe the circular arch OC, meeting 
TAC in C ; take any point at pleafure, as d^ upon the intrados, and make 
AH equal to the perpendicular diftance of d from the radius B K. Draw 
CH, make BI zzHC-, and from I, draw I^, meeting Bd produced 
in gy which will be one point in the required extrados; in the fame manner 
other points may be founds by which the extrados OgX may be deter- 
mined. 
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^be fame umverfaJfy. 

Let KdAZ be an arch of any kind, having its curvature on either fide 
the axis AB exaftly alike; and from any point therein, as //, draw ^M, 
the radius of curvature to that point ; then other things remaining as be- 

r ii. 11 u V ^^* jnj mdx AF mdxS4 

fore, we Ihall have wX = — pr, and Razz T?r^ — 



or 



dG 



9 there- 



fore dM : mX\ : RM : TR, hence RT = 



mXx RM 



The feflors 



Mmdy Mpgj are fimilar, and the area of Mmd is — ; confe- 



, . At . J J - 1 Mg*—dNl*xmd 

quently the area of the trapezium mpgd or mngd^ is equal to — ^ — j^rj , 

But TR X ^ (^ being a con- 
llant quantity) is always equal 

J L . . ^^ X RM 
to gdmp, th at IS, ^G^ ^jvi 

vide each fide of the equation by 

Pfd , md X RM 

■jiTT, we have 7^ — • =: 

aM^ mG 




2i 

Now to exprefs this equation 
in algebraic terms, we have AB 
= j, M^r:/, BF = ». Fi 
= ;f, iG =: FE = ir, wG =j^i whence the radius of curvature Md zz 

<!^^i — 5! — ../ "^ ? ■ , as is proved by the writers on fluxions. The tii- 
angles mdG^ RiS, (Gi2 being produced to S) are fiimHar} therefore 

Ec 
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RM 






U 



71 



and 






or 



^i X 



> .f ... — - /♦, ' X '.. .. 



which contraftcd becomes , ^ . ^. i — -lliJil. :=z'a — u x i* + y ' 

2*X_y*+«* 2* •^ 

+ u*. In this equation, for y^ iij u^ fubftitute their refpe£tire values, in 
terms of > and i^ found by the nature of the propofed aroh, there will arife 
an equation A'ee from fluxions, by help of which the figure of the extradoi 
may be determined. 

M. Parent^ in his Effais & Refcbercbes de Matbmatique^ vol 3d, g^veS 
the following theory ofequilibrial arches : 



•« Imagine the arch AMD 
MY, OY2, 
QZ, (Sc. per^ 
pendiculars to 
the curvature of 
the faid arch in 
thofe points M, 
N, O, &?r. inde- 
finitely near each 
other ; by which 
means the parts 
MO, OQ, of the 
arch AMDQ, 
may be confider- 
ed as right lines. 
Ix^ MBDO, 
ODEQ^ be two 
4<3iiaccftt ,vouf- 
foirsywhofecom-. 
tttxki ^tf nt .pkti^ 
duced ODYZ 
^ajpf^liifdfh s let 
aMb the prifma- 
tic folids TMO, 



divided into fmall parts by the planes 
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VOQJ, be the charges of thofe vouflbirs, neccffary to keep the parts in cquili- 
>rio. We may now confider thefe fblids as fuftained upon the inclined planes 
MO, OQ^ the upper faces of the vouflbirs, by means of an adjacent wall or 
counferforts which reads in the horizontal diredtion M X. Thefe inclined 
planes MO, OQ, are therefore preffed by the folids TMO, VOQ^ in the 
perpendicular directions NY, PZ, in fuch manner, that the weight of each 
prifmatic folid or charge MO, OV, joined with the refiftance of its coun- 
terfort, has the fame effed upon its vouflbir MD, OE, a^ if thofc vouflbirs 
were conftantly afted upon by fingle forces, ading in the diredions NY, 
P Z ; confequently the vouffoirs M D, QJD, will mutually read with the 
fame equality of force in the common diredion F I, perpendicular to the 
center of preflion H of the joint O D ; in the fame manner thq two vouf- 
foirs OB, O £, will be readied upon and fufl-ained by the adjacent ones, in 
,lhe common dire£tions GF, LI, perpendicular to the centers of preflion 
G, L, of their joints M B, Q^E, and will read upon and fuflain each in 
thofe diredions F G, I L, with equality of force ; and confequently the 
force adting in the direfbion N Y (for example) and the two forces in the 
directions G F, H F, will be in equilibrio, as will likewife the force in the 
dir^ftion P Z, with the two forces ading in the diredions HI, LI, and 
the fame of all th^ other vouflbirs. 

Now in order to expound all thefe forces by lines, I draw the horizontal 
lines O R, QS, meeting the vertical ones T M, V O, produced, in R and 
^ S. The three fides of one of the triangles, as (for example) M R O being 
perpendiculars to the effort in NY, weight of the charge TO, and the re- 
iiftance which a£ts in the diredion ^ X *, it followst, that MO will ex- 
pound the firft effort, R O that cf the charge T O, and M R the third 
effort, and the fan(^e in the triangle O S Q^ The three fides of the triangle 
M Y O being . perpendiculars to the effort in N Y, G F and H F, M O 
will expound the firft effort, (as in the triangle MOR) MY that afting 
in the direction G F, and O Y the effort in H F. In the triangle O Z C^ 
OZ, OQ, OL wiH reprefent the refpeftive efforts in the diredtions HI, 
PZ and LI; therefore the five lines MO, RO, MY, OY, may ex- 
pound the forces a&ing againft the vouffoir M D, and the five lines O Q, 
QjS, OS, OZ, QjZ, may expound thofe ading againft the vouffoir OR 
It now remains only to have one line inftead of the two O V, OZ j and 
then we may eafily exprefe, by a range of right lines, the forces afting 
upon, or the efforts of the vouffoirs neceffary to preferve the equilibrium 
of the parts. To effcft this, produce the fides /i, sch^ of the key-ftone 
xlib^ until they interfeft the vertical AK; with AK, the radius of the 
intrados of the ^ey-ftone, defcribe a circular arch, and draw the radii K a^ 
Kc^Ke^ &c. parallel to the joints MY, OVZ, QZ, &?r. Draw the 
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chord i t b^ draw alfo the right fines ag^ cn^ em^ zK, and ^Z, ci\ au^ 
i k. This done^ it is evident that the feftors K tf r, K ^ ?, arc fimilar to 
the feftors YMO, ZOQ, fcfr, and the triangles abcy cdty to the tri- 
angles MRO, O SQ^i therefore the fides of the fcftor /?KC, and thofe 
of the triangle abc^ expound the forces afting againfl: the vouflJ)ir M D, 
and the fides of the feftor f K ^ and thofe of its correfponding triangle 
cde^ do expound the forces afting againft the vouflbir O £ ; but becaufe 
the radius cK ferves for each vouflbir M D, O E^ it is. now manifeft- we 
may have a range of lines, whereby to expound all the forces of efforts aft- 
ing upon the vouflbirs. For the lines cb^ edy are the differences of the 
right fines ag^ cn^ em^ &c. of the angles <iKA, ^ KA, ^K A, which the 
joints MB, O D, Q^E, make with the axis AK of the center; therefore 
the charger TO, V Q, of the vouflR)ir5 M D, O E, 6fr. are direftly as cb^ 
ed^ &c. and confequently the entire weights pjMT, pqOVj pqQJ^ 
may be expounded by the right fines ag^ cn^ em^ beginning at the axis 
AK, and taking the fine i/, half the intrados of the key, to exprefs the 
femicharge pqr. Hence the nature of the center xhil being given, with 
the joints MD, OD, Q^E, of the voufToirs, we may eafily determine the 
weights or charges neceffary to preferve the parts of the arch in equilibrio. 
The force afting upon each voufToir in the horizontal direftion OR, Q^S, 
is expounded by the differences ab^ c d of the cofines au^ cy^ cz of the 
angles ^KA, rKA, which the joints MB, O D, QE, make with the 
axis AK ; and confequently if A/, the verfed fine of the angle which li 
produced makes with the axis AK, be taken to exprefs the force of the fe- 
micharge pqlr of the kpy, libXy afting in a direftion parallel to the ho- 
rizon ; then A w, the verfed fine of the angle which the laft joint QE pro- 
duced makes with the axis of the figure, will expound the horizontal 
force of the whole charge of the femiarch againft the wall or counter-' 
fort JE X. 

Now as the extrados x/ of the key-flone is to the radius thereof j AK, fo 
is the charge sbir (the weight of the key-ftone included) to the hori- 
zontal force towards either fide ; hence the figure of the key-ftone, its 
weight and charge being given, we may thence eafily find the two lateral 
forces. 

If we now fuppofe the vouflToirs fo ftrongly connefted together by means 
of the mafons work, that the prifmatic folids or charges of thofe vouflbirs 
may be fuftained without the help of any fuch wall or counterfort, a^ was 
before neceflTary -, it is evident, that thefe charges or weights will aft upon 
their correfponding voufToirs, in the fame manner as the weights R| S, (equal 
to the feid charges) fufpendcd from the points F and I. 

In 
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In this cafe, the forces expounded by MR» OS, t?f. and by MO, 

Q_0, or hy'abt dcy 

and ac^ ce, no longer 

take place ; and con- 

fequenily the equili- 
brium of the vouf< 

foirs depend only up- 

on the three forces 

expounded by M Y, 

OY, OR, or by 

« K, cK, cb^ the 

circular arch ae e 

being now changed 

into a right AiisP, 
interfcdted by the 
right tines Kd, Kr, 
K«, drawn parallel 
to the joints MY, 
OY, C^Z. In the 
triangle d K ;, the 
three fides iiK, rK, 
ca, being perpendi- 
culars to GF, HF,. 
FR, may expound 
the forces ading in thefe direftionsj in the fame manner, the fides cK, 
eK, ce, of the triangle cKe, may be taken to exprefs the forces afting in 
the direftions HI, LI, IS, refpetftively ; and becaufe the common fide 
£ K fcrves to exprefs the equal forces in the oppofite dircAions H F, HI, 
it is evident, that the five lines dK, (K, ac, eKy ce, are as the forces 
which aft upon the two adjacent vouflbirs M D, OE •, and, by proceeding 
in the fame manner with the other vouflbirs, and their correiponding tri- 
angles, we ftiall find, that the feveral forces with which the adjacent vouf- 
foirs ad upon each other, are as the fecants i K, aK, f K, cK, of the 
angles which their joints make with the axis q K \ and that the charges p /, 
rz M, TO, VQ, &?c. or the entire weights pi, rB, TD, VE, &fc. of 
the charges and vouflbirs together, are as the differences A i, ia, ac, ce, 
&c. of the tangents A /, A a, Ac, Ae, &c. of the angles » K A, <J K A, 
i^c. which the joints of the vouflbirs make with the axis ;K, or, which is 
the fame thing, the angles which the radii of curvature make with the axis 
of the propofcd curve. 

This theory agrees exaftly with our determinations in Problem XLI, 
and its corollaries. 

Ff 
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PROBLEM XLV. 

T,0 determine the nature of the curve AD Y, whofe extrados is ter- 
minated by a right line OF, fuch, that the charges thereon fhall 
fuftain thenifelves in equilibrio by their weights alone, without the help of 
any wall or counterfort, provided only that the abutments be of fuflicient 
ftrength to bear the weight of the whole arch. 

SOLUTION. 



O 



T r t: f. 



Let A D Y reprefent one half of the required arch, whofe fcmi- 
extrados is the right line OF, height 
AR, femibreadth R Y, and AO the 
gfven height of the wall above the key. 
From any point B^ in the axis A R, 
draw the ordinate BD; at right angles 
to AB, draw alfo bd^ parallel and inde- 
finitely near to B D ; to the points D, d^ 
draw the radii of curvature D S, ^ S ; 
and from the points D, d^ draw the ver- 
ticals DE, de^ upon the horizontal line 
O F. From the vertex A of the curve, 
draw AT, A /, refpeAively parallel to 
the radii of curvature DS, ^S. Put 
AO = ^, AB = ;f, B^=:DC=:;f, 
BD=:OE=j^, and C^ = Ee=:j^. 
The triangles AOT, ^CD, are fimi- 
lar, becaufe D C is parallel to A O, 
and S D to A T ; whence Cd iCD 

b X 
: : A O : O T, that is, j^ : ;c : : b i — :- 

b X 

•-:-> fuppofing J' conftant. Now from the vertex A, draw the horizontal 

line AX, cutting the verticals ED, ed^ and YF, in the points V, Uy 
and X; then will EViz AOz:^, VD = AB = x, ED = ^ + a:; 

therefore the area of the fpace E ^, will be exprefled by b + x X J. By 
Corol. 3, Problem XLI, it appears, that the charge or weight E^, ne- 
ceflary to preferve the equilibrium of the part Dd of the arch AD Y, will 
be equal to T /, the difference of the tangents of the angles which the 
radii of curvature DS, Si, make with the axis AR, multiplied by a 




=: O T, and confequently T / = 
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hex , . * 

certain conftant quantity c \ hence — r- zz by -^ xj/y which is the equation 

of the curve ADY in firft and fccond fluxions. Now in order to find the 
fluent thereof, I multiply each fide by 2X,* which gives icbxx zz. 2bxyy 
+ ixxyyj whofe fluent (y being conllant) is cbxx n: 2bxyy + xxyy\ 
divide the whole by zbx + xxj and extraft the fquare root of each fide 



the refulting equation, we fhall have . =, y ; and by taking 

^^ 2 u X "^ XX 



the fluent of each fide the equation, we have v/^ X loQ.t^+x + y/zbx-^x'-^ 
= y^ which, when x zzo^ becomes y/J? X log. b zzy; but then y z^o 
alfo •, therefore the correfl: fluent is \/r? X log. b + x + >/%bx -f x"-^ — 

\/b? X log. b = y^ or y = \/b?xlog. l • 



If the fluent 



\/F?x X _ 



bbii 



^ y /\ zz bVj which may 



of the equation above found, viz. ^Z"" ^ *^ zz y, be required by a con^ 
Jirudion rather than by logarithms \ then for i^ + ;^, write », and the equa- 
tion will become —-1— -^ = j^ j multiply each fide by — , and put b for 

h h 

^ yyp > it will be farther transformed into 

be thus conftrudled. 
Upon the axis A R, 
defcribe an equilate- 
ral hyperbola A ML, 
whofe vertex is A, 
and center O. Pro- 
duce DB, bd, RY, 
to the points M, m, 
L; draw OM, 0»i, 
and produce the for- 
mer to H ; draw M G 
parallel to OR, and 
put B M = z, then . / 
will Gm zz z\ and L 
hence OB : BM : : 
MG : GH, that is. 
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u : z : : ii : — == GH; therefore iwH, the bafe of the triangle OHi» 

• • • 

= O M >w, will be expreffed by z — — » or — ; which being mul- 

$f ti z *"^ Z ii 
tiplied by half the perpendicular OB = — $ gives for the area 

of the triangle OMm. By the nature of the hyperbola, z = v/«*— . i^^ 

uu 



, therefore z = 



x/u^—P 



. Let thefe values of z and z be fubftituced in 



a z — • z u 
the expreflion : , it becomes 



u^ u 



u 
2 



2 v/^«* — t^ 



ii i} — «* « + ^* « b* it 

+ — T — y — .^ — = ^ — . s . Therefore the triangle OMm zz 

^jf' 1= /, which gives -^ -zzy^ or we have the hyperbolic fpiu:c O-A M 

T 

=: T, (T being the fluent of t) whence j = jr =1 B D. 



From the center O, draw the afymptote OQj and from the points 
A, M, L, the perpendiculars A P, M N, L Q^ to O Qjf then, by the 
property of 
the hyper- 
bola, OPx 
PA =ON 

X NM; 

corifequent- 
ly the tri- 
angles 
O PA. 
ONM, 
are equal ; 
fubtrad the 
common tri- ^ 
angle OZP, 

there remains the quadrilateral P N M Z, equal to the triangle O Z A ; 
and by equal addition of the mixtilineal triangle A Z M, we (hall have 

the 
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fShe afympifotic cotnpYemenc APNM» equal to the hyperbolic tiiangk 
O A M = T. And as this holds good for any point M, it follows, that 
the afymptoiic complement A P QJL, is equal to the hyperbolic triangle 
OAL. Now by finding the area of the f; nee A PQJL, and having OA," 

T T 

AR given, we Q^X have -^zzj^tzRYiz/, and yzzb. In the fame 

manner proceed with any other afymptotic complement A P N M zz T, 
and dividing it by by the value of the correlponding ordinate may be found, 
which (by help of its ajbfciffa) determine the points D> ^, &c, of the re- 
quired curve. 

In order to determine the points D, dy &c. of the required curve, by a 
conrtru£lion without the help of logaritlims, defcribe on OR the femi- 
Circlc O I R, make 1 = OA ; draw R I, and make R L = R I. Froni 
O, draw an indefinite right line OQ^ making with OAR an angle of 
45'; from L, 
let fall LQ 
perpendicular 
upon OQ» up- 
on which dc- 
Icribe a femi* 
circle OZQ. 
From the ver- 
tex A, draw 
APZ perpen- 
dicular to OQ, 
and A 3 paral- 
lel to OQj 
draw O 3, cut- 
11^ AP in d\ 
make ON = 
OZ,andNM 

zzV d. From the point M fo determined, draw M B perpendicular to the 
axis AR, which produce, until B D becomes equal to half R Y ^ fo (hall D 
be a point in the required curve AD Y. 

To find another point, as 8, between A «nd D, proceed thus. On O N 
already determined, defcribe the femicircle O 2 N^ and make O n equal to 
the chord O z. Draw n 65 perpendicular to OCts join the points O, 5, 

Gg 
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with a right line, cutting A P in 7 ^ make » 6 =: P 7 ; and from the point 

RY 

6, draw the ordinate 678, making 78 = — - i and 8 will alfo be a point 

in the required curve ADY. ' ;. 

In order to determine the points between D and Y, produce 3 N to in- 
terfcft the periphery of the femicircle O Z Q in X. Make O V = O X, 
and draw V 10 perpendicular to O Q^; join the points O, 10, with the right 
line Of J 10, cutting A P in the point 1 1 ; make V 1 2 = P i x, and from 
the point 12, draw 12, 13, 14, perpendicular to AR, making 13, 14, equal 

3RY 

In the fame manner other points in the curve A D Y may be de- 
termined; and confequently, the arch itfelf (of which A DY is the exa& 
half) may be ealily defcribed. 

Corollary. If, in the preceding equation of the curve, viX 

y r: \/T? X log. L^ — — > ^^^ indeterminate quantity c be fi^ 

pofed equal to b ; or, which is the fame thing, the afymptotic complement 
APQL equal to half the produft of AO into R Y, then will the curve 
ADY become the catenaria. 

• 

Mr. Emerfofty in the fccond edition of his Mechanics, has given fc- 
veral methods for d^nftrufting arches, which (hall fuftain themfelves and 
all their parts in cquilibrio; one in particular this author reckons the 
mod ufcful of any, as the arch fo defcribed (he informs his readers) will 
be clear of all thofe inconveniencies to which the others are fubjed. This 
arch Mr. Emerjon determines in the following manner : 

" Make B R, R A, R F, each equal to 30 feet j B S, 3 4 feet. Draw 
AG, Fjf, parallel to RS. Divide S.G, S^, into thirty equal parts, or 
thirty feet; through all the points of divifion, draw lines parallel to 
S R, as TC. Then upon each of thefe lines, fet off, from SC down- 
wards, the number of feet you find in the following table, rclpeftively, 
as TC; then C will be in the arch. Do the fame for tlie fide S^j 
then the curve F B C A, drawn through all thefe points C> will be the 
arch required. The curve is eafily drawn through thefe points, by 
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help pf a bow held to every three points ; or rather to four or five 
points f at once^ which may be eafily done by two or three perfons 
noJding. it. 







1 








Value 
of ST 
in feet. 


Value of 










TC in feet 


Value 


Value 


Value 


Value 


and dec. 


of ST. 


of TC. 


of ST. 


ofTC. 


1 


parts. 













3.500 










I 


3-51 7 


II 


5-754 


21 


14 014 


2 


3.568 


12 


6231 


22 


15.417 


3 


3-653 


»3 


6.769 


n 


16.970 1 


4 


3-774 


14 


7-372 


24 


18.687 


5 


3-931 


>S 


8.047 


»S 


20.585 


6 


4.127 


16 


8.799 


26 


22.682 


7 


4.362 


17 


9.536 


27 


24.999 


8 


4-639 


18 


IC.567 


28 


27-557 


9 


4.961 


»9 


11.600 


29 


30-381 


10 


5332 


20 


12.745 


30 


33-500 



If the thick nefs of the arcli at top, BS, be fuppofed to be three feet, 
four feet, or five feet, G?r. it 
will require a different curve to 
be cohftrudted \ but this ieems 
to be ftrong enough for the 
bignefs of the arch, efpecially 
if built of ftrong, found ftone. 
Here three feet and a half is af- 
figned for the thicknefs of the 
arch ; but it muft be made two 
or three inches lefs, on account 
of the parapet wall ; for this 
adds weight to the whole. Alio 
if the top G S is not exafkly horizontal, but is two or three feet lower at G 
than at S, the thicknefs B S ought to be two or three inches lefs upon chat 
account ; or if higher at G, two or three inches more : but thefe niceties 
make no fenfible difference in practice. 

This cunre iliffers from the catenary; for at the vertex B, it is lefs 
curve thaa the catenary, and towards A it is more curve. The curva- 



c; 


n 


1 \ 


:> 


J' 




^ 




iP"'^^ 


\ 


/a ■ 




R 


F\ 
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ture at B in this arch, is rery near diat of a cirqie, whofe nuKw is 
B K ; and ^he curracure increafes from she vtrtex B» and is Icaft 
about C. 

At the points A, F, wheie the arch fprbgs, it rifes at an angle of ZZ^. 
15'. above the horizon. 

If an arch is required to be either greater or lefs than this, it is no more 
than taking any other equal parts inflead of feet, and letting ^oflT all the 
lines by thefe equal parts/* 

According to the raethod here laid down by Mr. Emerfon for conftruA^ 
ing an arch of equilihradon, tt Ihould feem aa if A F (ufually called the 
fpan of the arch) mud conftantly be double the perpendicutar height R B, 
and likewife equal to thirty feet, yards, 6f^. or thirty fuch equal parts, of 
which S T is three and a half. Admitting this, yet we are dH a lo(s to 
know whether the equality between AR (= R F) and RB muft continue, 
when B S is of any other length than three and a half: becaufe when BS 
is four feet, or five feret> &r» it will, as Mr. Emerfw informs us, require 
a different curve to bq conftrudted ; and therefore how far the equality of 
the height and femt^n, which in the for m er cafe wj» p re ferved , may now 
become affcfted by the alteration in the curve, is not eafily determined 1 , 
Q^ieciaily as the principles, upon which the f(^egokig table was conftrudled, 
do not appear in the abovementioned gentleman's treatife. 

If the reader is inclined to examine the foregoing table by our 
theory, it may be done by again refuming the equation y^ -zz s/b^ x 

log. ■ ""^^^ ^^T \ wherein (c being indetermined) if we take ^ =: 

b 

3. 5. and y = xzz 30, the value of c will become known 5. and conic- 
quently, by taking the values of TC, as they ftand in the table, for i+Xj, 
the correfponding values of ^, or thofc of ST, may by the above equa- 
tion be determined. Or if the values of y be aflbmed equal to 1. 2. 3. 4. 
&f^. as they ftand in the table, the correfponding values or ;r may be found ; 
but the former method will be found moft comoKxiious* , The ratio of the 
S X's may be obtained from the foregoing equation^ without firfl determin- 
ing the value of f ; for as jr is thire equal to Ic^. "^ 2 at-h x _ 



7?y it is evident that y is always as k)g- f+^+Yj^^*^"*"^* • therefore, 

by 
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by expounding x by any two (affumed) values of TC — BS, the ratio of 

the corrcfponding j's or ST's will become known. 

■ 

The fame gentleman has, in his Treatife on Fluxions, page 325, given a 
theory of arches of equilibration ; to which are added, feveral examples 
ferving to illuftrate its ufe. Thefe, together with the theory, I fliall 
firfl: tranfcribe, and then examine by our general method of inveftiga- 
tion. . 

" The nature of the curve ABD, 
forming an arch, being given ; to 
find the nature of the curve R S T, 
bounding the top of the wall 
A T R D, fupported by that arch ; 
by the preffufe or weight of which 
wall, all the parts of the arch are 
jcept in equilibria without fall- 
ing- 

1. Let feveral equal right lines 
AB, BC, CD^ ^c. placed in a 
vertical plane, moveable round the 
angles A, B, C, D, ^c. whiUt the 

points A, G, at the bafe, remain fixed and immoveable. Through B, C, 
D, ^c. dr*w the lines B/, 
C f», DP, fcfr. perpendicular 
to the horizon ; and complete 
the parallelogram ^biky and 
make C / = B ^ ; and com- 
plete the parallelogram Clmn. 
In like manner make D ^ = 
C » or /i», Er zz op^ F / = 
rsi and complete all the pa- 
rallelograms in th^ figure as 
at firft. 

♦ 

2. Let feveral weights, which are to one another as the lines B/, Cw, 
D py &c. lie refpedively on the points B, C, D, &?r* Now the force B /, 
is equivalent to Bi&, B*, adling in the diredions BA, BC; the force 
B A is deftroyed by the refiftance of the point A ; but B k endeavours to 
move the point B towards C. l» like manner the force C M is equivalent 
to C/ and Cn*, the force Dp to D^, op^ &c. Now the forces B* 

H h 
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(afting towards C) and C/ (ading towards B) bcing^ equal by conftruc- 
tion, deftroy one another. In like manner the forces C», D^, Dp 
and E r, E V and F /, &c. deftroy one another ; and the point G being 
fixed, it is manifeft the figure A B C D, £s?^. will not be moved by the 
incumbent weights B/, Ci», D/, &c. but all its parts will remain in 
equilibrio. 



3. The force Bit: force B* or C/: : fine <i&/B or/BC : fm 
I I I 



• • 



or 



CABi 

Likewife force CI : force 
I I 



•• fin<;ABi • rm</BC ' fin <;wCB 

CnorDo : : fin MCD or /»DC : fin iwCB : : ^^^ ^ ^^ : g^ i^cD ^^ 

f f)DC * ^^^ ^^ ^" * whence it is plain ii> general, that any force C/ is as 

' XT r ^ finC/»xC/ CmBCx x Cl . 

. Now fince Cm = — h ^ t = " n^ ^t^ ; there- 



fin <lm CB 



Cm Cml 
fore the force Ci. is as fi^^cBxfin^CD- 



fin mCD 



4; Now let the number of the lines A B, B C, CD, tfr, be increafed 
tand their lengths diminifhed ad infinitum^ that the figure mav obtain the 
form of a curve ; and the prefiiure will then a<Et on all parts of it, and the 
angle BCx will then become the angle of contadb, and the fines of m C B 
and mCD become equal to the fine of mCx, Therefore the tangent A », 
(fee the laft figure but one) theprcflure on any point A» to prcferve the 
equilibrium, will be as the angle of contad at A direAly, and the fquare 
of the fine of the angle mAn reciprocally. But the angle of contad is as 
the curvature, or reciprocally as the radius of curvature ; therefore the 
prefiure is reciprocally as that radius, and the fquare of the fine of that 
angle mAn. 

g. Let BC = ;^, AC = J, AB zz z, radius of curvature in A=z R. 
Then if z be given, fine <Z TAN will be as y, and t: — ^an ^ ^^^' 
Then the weight or preflure on A =: A T X j-, and that (as has been 



|~y, 5 therefore A T is as ^-—^ j. 



P^°^^^) '^ ^ K X iin TAN^> ^ 

Z^ z^ 

or, in general, AT is as g-^. But when k is given, R =: • ^ ; or if 



J , ly 
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• _ r • •• 

jr be given^ R = v-^ j therefore A T is as . ^ ^ if x be given 5 or A T 

as -r^, if ji' be given. 

•^ 

Wherefore to find the curve ST, let B C = >f, A C =;', AB = 2 j 

• •• 

then, by the nature of the curve AB, compute — r—t if x be given; or 

X 

— , ify be given ; and take AT proportional thereto. And x may be ex- 
punged out of the value of AT, by help of the given line B S ; and thence 
the nature of the curve S T will be known/' 

I The former part of this theory, relating to arches of equilibration, is 
the fame with that at page 90 of the fecond edition of his Treatife on Me- 
chanics, and may be eafily (hewn to agree exaftly with the conclufions in 
the XXXIXth Problem of this wprk -, for it there appears, that 2 Q : R 

DW ET ET 
(fee the figure to that problem) : : qvQ: — dt ' dT' ^^^ 2 P : R : : 

SC PW ET p.n ^ DW DW ET 

SB ~ C W • DT' ^^^^^^ ^•^•* SB '^CW* CW~DT* ^^^ 
becaufe BC = CD z= DE,. it follo>ys, by the principles of plain trigo- 
nometry, that the fine of the angle BCD will be exprefled by S C x C W 
— BSxDW-, and that of CDE by WD x DT — C W x ET„ radius 
being unity. Again, B S, C W, C W and D T, are the refpedive fines 
of the angles BCS, SCD, CD W and WDE; therefore, according to 

Mr Emerfon^PQ' • SCxCW-BSxDW ^ WDxDT-CWxET 
mr. itmerjon^if. i^, . bS x CW " CW x DT ' 

v ' a r^ SC DW DW ET , . , 

tnat is, ^ ^ y • • 33 — q^^ • q^/ *" DT ^ ^"*^"» ^^ ^^ coincides with 

the above ratio of P : (^ found by the application of our general method, 
is certainly true. 

Mr. Emer/on's method of finding (by the refolution of forces) the ratio 
of the weights prefling upon the angular points of fuftaining beams ; or, 
which is the fame thing, the ratio of weights fuftained in equilibrio by 
means of a ftring (fattened to two fixed points) to which tbofe weights 
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are appended, is not new ; for in a pofthumous work of M. Varignon^ called 

Novelle Mechanique ou Sta- 

tique^ publidied in 1725, ^ 

at page iSi, voh i. it is 

there (hewn, ahat if any 

number of weights K, L, 

M, N, ^c. be freely fuf- 

pended from the points 

C, D, E, F, fcfr. of a flexi- 

ble cord A C D B between 

the fixed points A, B, to 

which the . extremities of 

the cord are faftened, and 

the fides AC, CD, DE, i^c. 

of the polygon ACDEFB, 

into which the cord is 

formed by the weights 

K, L, M, N, 6?^. refpec- 

tivcly produced, until they 

meet C K, D L, ^c. the parallel direftions of thofe weights, in the points 
H, G, S, feff. the ratio of K to N will be that of DH x EQ^x F S, to 
CGx DPxER; alfo L:N:: EQ^xFS: DPxER; K: M : : 
DHxEQ^:CGxDP. 

« 

For by a preceding corollary in Farignou's treatife, or by fage 34 of this, 
k appears, that 




K : L : : DH : CG 



K = 



L.M::EQ:DP ^^^^ L = 



M : N : : F S : ER 



N=: 



From the firft and third of thefc equations, we get K : N : : 
E R X M 



DHxL 






■ CG 






EQ^XM 






DP 




ERx M 






FS 




• K • AT • • ■ 


X 


L 



CG 



FS 



i for L, fubftitute its value found by the fecond equation, and 



DH EQxM ERxM 



we have K : N : : p-Q x — gn? 



FS 



or K : N : i DH x 

EQ 
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E<^XFS:CGxDPxER. By the fccond and third equations, we 

u r XT EQ X M ERxM T7nv>i70 nu 

have L : N : : — ^t; — • : — p-g — ; whence L : N : : EQ x FS : DP 

D rt X L 

X ER; Again, by the firft equation, we have K zn — ^jg — , and by the 

/ DP X L \ DH 

-fccond we find the value of M ( = - p q j ; therefore K : M : : qq 

DP 
: g^ :: DH x EQ^: CG xEP; whence the law of continuation 

becomes manifeft, let the number of fufpended weights be what they 
will. 

But, in order to accommodate the above pxroportions of the weights^ to 
Mr* Emer[on\ form of expreffion, let x be put for the fine of the angle 

GD X AT 

C G D, to the radius i •, then will — pw - be the fine of the angle G C D 

Of C D H. The angles K G D, G D L, are equal, becaufe CK is parallel 
t6 DL ; and the fine of the apgle C D E will be exprefled by that of its 
fupplement QJDE, equal to CDG. Therefore the fines of the angles 

DH V GD "^ X 
ACD, ACK, KCD, CDE and LDE, will be equal to ^^hxCD > 

GD X ^ GDx5 CG X y , r ^. , r 1 

QH » — Cl5~" * — CD — ^^ ^^ relpectively ; confequcntiy. 



fin <C ACD , fin < CDE ^ 

fm<:ACKxfm<KCI?^ "^ fin < tDL x fin < feDL* ^'^^^^^ 



DH CC 

tively equal to ^^ ^ and qq-tt— 5 whence, according to Mr. Emerr 

DH cr* 

^"» K : L : : q^^^^ : ciTxil ©t K : L : : DH : CG j which 

agrees exadly with the ratio of K to L, found by M. Farignon'i me- 
thod. In the fame manner it may be proved, that the ratios of K to M, 
L to N, C^c. which are above (hewn to be as DH x EQ to DP x CG, EQ 



XFS » DPxER. ^c. will dfo b. « fa<A^ir/fa<KOU 

I i 
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fin < DEF fm < CPE 

^^ fin < DEM X fin < FEM* fin < CDL x fin < EIJL 

fin ^ BFE 



to 



fin <: BFN X fin < EFN 



-rt ^C. 



P R i B L E M 



XLVI. 



TO determine the fij;ure of the extrados of the femicircular arch 
F B A D, fo that the parts of the faid arch fliall fuftain themfel^res 
in equilibrio. 

SOLUTION, 

Let PST be the required curve of t4ic extrados. Put the radius CD 
= C B = r, the verfed fine B M = ^, 
right fine MA=j^, BS=:^; then 

P^X^ 

» y 



yzz \/2rx — xx] yzr, 



2 rx — XX' 



2rx— ATX 

rrx ' 



= ~^ 4 5 then will — n =? 



T 



1 X 



2rx^^xx — 



rr 



2rx — XX' r—x^Xx' 

rr 



X 



therefore AT is as 
r^h 



, or AT 



(AT-.MS) = 
PST. 



J and expunging x, SQ^ir 
r^b 




rr—yy 



i 



a-^r+ v/r* — jy*^ for the nature of the curve 



Otberwife. 

It appears by the folution to Problem XLV, that OT (fee the figure to 

h X ^^ h x^ 

that problcn)) = -^» the fluxion of which is ■ » ^ 9 fuppofing ik con- 
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ftantj therefore by Corel. 3, Problem XLI, — r^-^» X by a conftant 
quantity, is equal AT (in the above figure) multiplied intoj^; whence AT 

=z — T""^' ^ being put for the conftant quantity. ^Now, by the pro- 

• •• 

perty of the circle, we have 2 ^x — xx = yy, and therefore — -j^"^ = 

rr rrbc rrbc 

- J , whence A T n 3 ; conlequently S Q^= 



; — ^ — AT ; 

r — X r— ;tf r — x 

wlierein, if we make ^ n r, (becaufe when ^ = o, SO muft vanifli) and 

r^ b 

expunge y, we Ihall have SQ^r: \ •— ^ — r + v^r*— ^y*,^ the 

lame as before. 



PROBLEM XLVII. 

TO determine the figure of the extrados of the fcmlelleptical arch 
FBD, fo that the parts of the faid arch ffadl fuftain themfelv^ 
in equilibria 



SOLUTION. 

Let PST be the required 
curve of the extrados. Put the 
femitranfverfe diameter D C = / 5 
femiconjugate C 8= r, B M= y, 
M A =: J ; then, by the na- 
ture of the cUipfis, we have y 

t . > . tic 

zz -^ \/2rx— xx^ y zz 






c 
^tcx* 



tcx 



2X 



► 3 9 

7. 




iuppofing X conftant } whence 



£2_ 



c^ t^ h 

1 , therefore AT= 



rXf— ^ 



c-^x 
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Then SO = =rr — * — 4r= rziizn — * — r + -- v^JCTyT) by cxtcr- 
^ c—x^ /» — y^ ^ / -^ ' 

minating x j whence the nature of the curve PST becomes known* 

Otbermfe. 

From the points G, d^ indefinitely near each oAer, draw the radii of 
curvature G R, ^^ R ; and from the vertex B of the arch, draw B ^ B /, 
refpe&ively parallel toGR, liR, meeting the tangent S/, drawn to the 
extrados P S T, in the points ^, /. Draw alfo d E parallel to F D, and 
G E parallel to B C, which produce to T ; then, by the fimilar triangles 
GEJ, SB^, we have Ei : EG : : BS : S^, that is, > i x :r ii 

-r- = S ^, whofe fluxion, making y conftant, is -^ = ^ / 5 therefore by 

•^ ^ 

b dx 

Corol. 3, Problem XLI, — r^ = GT, (d being put for the conftant quan- 
tity.) Now, by the nature of the ellipfis, we have y — —\/2cX'-^xxy 

t X C'^^X 

therefore y zz — x > ■ ■ '^ i and if j^ be fuppoTed conftant, we (hall 

^ X //X* r V VuX 

have X = «— — '\ but y* = x '» whence --77 bc- 

^— * X icx-^xx '^ cc 2f X— -xx 7 

bdc^ 

comes, by fubftituting of x and y * their refpeftive equals, , ^ . 

c — X X tt 

This exprdflioi*, when x = o, muft be equal to ^ j therefore d mufi be 

// c^ b 

taken equal to — , and confequcntly A T becomes 3 ' , the fame 

as before. 



PROBLEM 
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PROBLEM XLVm. 

TO determine the fame things as ih the twd laft problems, the|<r<jpofe(l 
arch being the curve tff the common parabola. • 

SOLUTION. 

Let the abfcifla 6 C be put = x, corrcfpondiqg femiordinate C A = ^ i 
then, by the property of the 
parabola, we £baU have zp^i 
^zyjtt 2p being put for did 
paraoaeter to the axis. Theii 

ie = ^, *=^Cy being 

conftant); and therefore AT 
(drawn parallel to the axi$ 
BC) which is expreflcd by 



conftanti 



bflfiMHes 



I 




paiabola 



^■OMU^MMWtaMAA^i^wdh 



^- ii ■>-.«»«» J n f M 1 1 1 f t . ty t I 



■afi 



ifiW iii^n 



A., yj 






P R-O B t E M XLGt. 

LET BA l)e the curve of an Iqmerbola, to determine the extradra 
r ftfiereof ^uch, that the ^U ot the propofed arch (hall fuftain them- 
felves in equilibrio^ 

SOLUTION, 

Put the traofverfe ^ameter = 2 r ^ ocmjugate :±tei ^ C = x« CA= 7, 

B.S5c^j then, by the propo*^ of the cunre, irx -^ tcx — '"'" 



Kb 



126 An eafy INTRODUCTION ia the 



whence r + ^ = — y/cc +yy^' x = '^ X y . > > x = 

r f V ^r + j»jr ' 

therefore the general ejcpreflion for 

AT, ^r/z. -T- , in this cafe becomes 
J* 

r, and AT= 



re 






^^H-^^J' 



^^+;^> 



Hence the curve ST continually ap- 
proaches the hyperbola •, and S Q^= 

fa+x— AT=) a-^r+^\/cc+yy' 

c^ a , -, 

— . , cxprefles the nature of 

the curve ST. 



cc + yy 



i » 




Draw the radii of curvature R A, R ^, indefinitely near each other 9 
draw JEF parallel to the femiordinate AC, and AE parallel to the axis^ 
B C. From the vertex B, draw B ^, B /, refpe£tively parallel to radii R A> 
R 1/, interfering S P ^a tangent to the curve S T in S) in the points o, 1 5 
t^n wiU the triangle A^/E be fixnilar to the triangle BS0, therefore "Ed t* 

EA : : BS : S^, that i$^^ \p:\ : 4:.-t- = S*^*, and confequently ot 

iz — ^f fuppoling y conftant. By Corol. 3, Problem XLI, it appears^ 
' J' 

that j^ AT, the charge or weight ading upon A^, to preferve the equi- 

Si X 
librium in tliat part, is equal to — r-, (d being the neceiTary conftant quan- 

tUy) therefore AT =: —^*. Now, by the equation of the curve, we have 



k 
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rcy*' 

"T, and AT 




cc+yy 

rdac 
rz , I > From this value of AT, fubtraft S C, (a-^-x) and we have 

rdac 
SQ = mzU^— ^— ^> which, when yzzo^ muft (together with x) 
cc^yj" 

entirely vanifli ; confequcntly in that circumftance, c^zzrday whence d 

r: — • Subftitute this value of i, in the cxprcflSon for AT, it becomes 
Ta * ' 

c^ a 

, the fame as before ; and, putting S Q^= z, the equation of 



cc+yy 

the curve ST will be defined by the equation 2=41— r ^ — \/cc +yy^ 



c^ a 



4 • 



cc^ryy 

a 

The former Iblutlons in this and the thwe preceding problems, are the 
lame with thofe givci. by Mr. Emerfotty in his Treatifc on Fluxions ; and 
exaftly coincide with thofe we have deduced from the theory inveftigated 
in the XLIfl: Problem and its corollaries, by the application of our general 
method of refolving mechanic problems. 

By help of thefe inveftigations, we eafily arrive at thofe conclufions which 
M. Parent has given, at page 168 of his EJfais &? Refcberches de Mat be- 
matiqucj vol. 3d, namely. That if A D be a given arch, whofe extrados 
is pTN, axi<5 Kb^ femifpan ha^ and A^ the given height of the vertex 
of the required extrados from that of the arch ; and from A, a right line 
A M P be drawn parallel to the horizontal line ha ; . atfo through any 
point M, a right line parallel to A^; then, will T^, {Aha being a 
quadrant of a circle) the height of the extrados above the point e of the 
propofed arch, be inverfely as the cube of the rightcfine ed. But if Aed 
be the arch of an ellipfis, then having firft multiplied the fquare of edj 
by the fquare of the femirranfverfc ha^ and the fquare of the horizontal 
dillance A M by the fcmiconjugate A b^ and fubrrafted one produft from 
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the other» the height ^ T of (he requked extrados will be diredly as that 
^JiiTerence, and inverfely as the cube oi tL 

If the propofed arch be the curve of an 
Jiyperbola ; then, having multiplied the 
^uare of the de^%^ by that of the femi« 
ordinate ba^ and the fquare of the hori- 
zontal diftanccs A M, by the corrcfpond- 
tng part A^ of the axis, and ta^en the 
fum of tbofe produ£):s» the ratio of the 
heights M T will be compounded of the 
dire& ratio of tbofe fums» and inverfe ratio 
of the cubes of the heights de. 




SwwiaaanKBi 



M 



PROBLEM L. 

TO determine the thickneis of die piers neceflary to fuftam in iq[oiirj 
brio the parts of a propofed femtcircular arch. 



SOLUTION. 



Let SZ be one of 

the required piers of 
the femicircular atch, 
vrhofe half is repre« 
iented by B E G D t 
Through L, the mid* 
dIeofFC, drawMK 
parallel to ZA; and 
produce PZ to M» 
Let fall LV pc'-jwa-'- 
dicular upon A B \ aad 
from L» draw L O at 
jTight angles to LA» 
meeting the perpendi* 
cular P O in O. From 
Q^ the center of gra- 
vity of the vouflbir CE, 



E_.. 
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let fall Q^R perpendicular upon the bafe SP of the pier-, bifeft PS 
in T/call LK or KA, «, LA, *, BV, r, Z P, d, ZB or RS, g^ 
VSj y% then will M L or M N be equal to f -hj'? and M Pz= a-^ d\ con- 
sequently NP=« + ^ — c — y. Put a-^ d-^^-zzf^ then NPzz/-— > 
and PR =:^ — g. If for the furface of the vouflbir CG^ or its equal 

b H^ 
CE, we put »», then will — - exprefs the force of the vouflbir in the di- 

redion LO. *By the fimilar triangles LKA, NOP, we have LA (^) 



af^ay 



; whkh, being multi- 



-. LK(ii): :NPf/~;^): PO equal to ^ 

b «* 

plied by — t gives »*/ — n^y for the force ading at right angles upon 

ft 

the arm PO of the lever R PO, whofe center of motion is P. Now, 

by Problem XLI, it appears, that »• X J — f and -^ are the refpeftive 

forces afting at the points T, R, in adirpdion perpendicular to the ho- 
rizon, thlrefore by the lutune of the lever (fee ^page 76) we have nnf 

d dy 
'^nnyzz — ^ ^nny*^4tng. From this equation, by compleating the 

dd T^ 



Iquare and prqper reduAion, wc get j=: ^ 12- 



!- 



When the extrados of 
the arch B D H is ter- 
minated by a horizontal 
line QJS ; then hav- 
ing taken F C =: D G, 
and drawn LO per- 
pendicular to FC, in 
the middle point L as 
before, and other things 
remaining ftill the fame, 
put MPzz/j then by 
the fimilar triangles 
LKA, PON, we 
have L A : L K : : 
PN: PO, whence PO 



QAV R 
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-ay 



Now the abfolute weight of the vouffoir CWGD, 



130 

~ b 

here fuppofed = »S is to the force thereof, afting in the direftion LO, as 

LK : LA (Problem III.) and is therefore equal to \ which, being mul- 
tiplied by PO, becomes fnn — cnn — nny. And this produft muft, by 
the nature of the lever, be equal to the weight of the pier P QJl S, mul- 

dyy 
tiplicd by PT 5 hence this equation, /««—r »*—»*/=— ; from whence 

«♦ »* . v/2/1;* — icn"^ 
wegct;r=-~- + 



P R O B L E M LI, 

O- determine the thicknefs of the piers neceflary to fuftain in equUi- 
brio the parts of a propofed femielliptical arch. 

SOLUTION. 



T 



Let SZ be one of the required piers of the femielliptical arcb^ 
whofe half is reprcfented 

by BEGD. From the G 

middle of the arch BD, 
draw LO a tangent to that 
point ; and eredt the per- 
pendicular LA, which pro- 
duce to A. From P, let 
fall PO perpendicular up- 
on LO; and through L, 
draw MLK parallel to the 
femitranfverfe axis B H. 
Put LKzz^j, KA=:^, 
LAzir, BV==i, BSz=/, 
M Piz^, »* for the furfacc 
of the vouffoir CG, nearly 
equal to F B, Z B = j. 
By the fimilar triangles LKA, LMN, we have AK : LK : : LM : MN;^ 




Thborv and Practice of MECHANICS. 131 
whence M N z= -^—^ — » and thence N P = ^ , ^ \ and again^ 

by the fimilar triangles LK O, NOP, we get PC=: ^ "^^ ---ay ^ ^^^ 

the abfolute weight of the vouffoir LFGD, is to its preflbre upon FL, 

en* gh — ad — ay 



as LK to L A ; confequently — x 



, exprcffes the force aft* 



a c 

ing upon the point O, in the direftion LO. On the other hand, the re- 

fiftance of the pier S Z will be exprcfled by -^ + nyy (PT being equal 
to T S, and P confidered as the center of motion of the lever OPT); 

tience, by making the force and refiftance equal, we (hall have 



f\ y I 7, 2 b n^ 

dn"- -^n'-yzz, ~ + n^-y^ and confequently yz=,J r - 



idnn 

"7 



4«* 

7^ 



2«* 



If the propofed arch be of the Gothic kind, formed by the equal parts 
B D, D I, of two equal 

circles, whofe centers are ^ 

at the points H and G, 
^quidiftant from A, the 
middle of BI; then hav- 
ing bifefted BD ki C, 
anddrawnHCF, HDT} 
and from L, the per* 
pendicular LO ; likcwife 
MLK, LV, MP, PO. 
(ic. as before ; put LK 
— a, YiQ = b, LQ=r, 
BV=^, ZP=/, MP 
z=^, ZB=:> ThetrU Q 
angles LKQ, LMN, 
are fimiiar ; hence K Q 

{i) KL (a) xxlaU 




\ 


i 




1 

1 

1 

• 




1 
1 
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idJ^y) : M N (•^~^) i and therefore N P= tir:^=£^. Again, 
the triangle LKQ^is fimilar to the triangle NOP; confequcnUy LQ 

(0 .. KQ.r*) : : NP ( '^-'/—J ') : PO (J=^). No» 
let the abfolute weight of the roullbir LDT be expounded by LK •, then 

wll PO X — (»» bchjg put for the furfacc of LDT) or ^^^ 
^^dn^ — n^'y^ exprefs the force afting wpon the point P, in the dircdUott 

f y y 

L O. On the other band, we have ^-^ -f ri'y for the force adling upon 

the point P, in the dircdlion B S ; therefore, by the property of the lever, 

b^H^ fyy 

thcfe forces muft be equal. Hence 7^ — ,^dnn — nny = -^^ j^ nny^ 



this equation being properly reduced, gives ^z: J 'l^ « ?£l' + llf* 

J J J 

2«* 



T 



PROBLEM LIL 

O determine the thicknefs of the piers neceflary to fupport in equi* 
librio the propofed vouflbirs, when ranged in a right line. 

SOLUTION. 

Upon L F, the given diftance between the piers, defcribe an equi- 
lateral triangle LAF; and divide its bafe LF, into as many equal 
parts as there are vouflbirs. From A, draw through thofe points of 
divifion, right lines, terminating in the indefinite right line GI (drawn 
parallel to LF, at a given diftance therefrom) in the, points E, C, D, 
fcfr. From L, draw L O at right angles to A D ; and from P, let 
fall PO perpendicular thereon. Produce KL to M, and draw AKC 

pcrpendicqlar 




^ 
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perpendicular to LF. Put 
KL=a, KA = *, MP 
= /, LM. = j^ «» for 
theareaofLDCK. The 
triangles AKL, LMN, 
atid NOP, are fimilar; 
hence K A (^): KL(tf) 

and confcquently NPr: 

- , . Again, A L 
(2tfJ: AK(^) :: NP 

abfolute weight of LDCK is to its force, upon the pier S M» as LK to 
LA; but LA is double to LK. Therefore the force ading upon O, in 
the diredion LO, maybe expounded by znn^ which, being multiplied 

by PO, gives --- — — ii*jf, for the force a£Ung upon P, at the ^iftance 

PO ; which, by the property of die lever, muft be equal to the force aft- 
ing upon the point D, at the diftance of half P S therefrom. But this is 

hence -^ — -^nny — '^9 and confcquently y = 




Now by Problem III. it appears/ that the 



expounded by "^^ 5 



7 



2iny 
a 






1 



7- 



«4 



PROBLEM LIIL 

LET the firing ACEB, whofe ends A and B are laftened to two tacfcs 
i in the horizontal line A B, be divided into the given parts A C, C E, 
EB, and at the points of divifion C and E, the known weights K, L, 
appended ; it is required to find the pofition of thq faid weights and ilring, 
when fuftained in equilibrio. 



M m 
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SOLUTION. 

From the points C, E, draw C F, E I, refpcftively perpendicular to the 
horizontal line AB; draw alfo CW 

parallel to AB. Put AC = <j, CE J^ P S B 

zzby EB = </, AB=:», AF = x, \ 
BI=;', then will FI= CWz: n—x—yt 

FC = v'a* — x«; EI = \/<?— j'S' 

confequently \/hb'^l^I^^-:z.\/d*—'j* 

a* — X*.' By Lemma i, we have 



Kx^^/Sei^^+Lxv/^Sn:?^ for the 

K+L 

perpendicular diftance of the common 
center of gravity of the two weights 
K, L, from the horizontal line A B> 
which mufl: be a naoximvm, la fluxions 




— x^ 



---yy 



we have K X y-^ ^ ) + L X ^^,^ ^) = o ; and by taking the fluxion 



of the above equation, vix. y^^*— |^^^ zz v^rf*-^!.-*- \/«rw^ we 

ATX 



fliall have 



n—X'-y X ^ +y _ 



J7 



ftituting for x, its value found by the equation arifing from the maximutn. 



and dividing byj, &c; we fliall at length have — FI+FIx 

L BIxEW . BIxEW 

= 1? X - 



LxFCxBI 
KxEIxAF. 



g][ 1 EI — ' ^"*^ therefore FI xFC x BI xL— FI 

xEIxAFxK=BIxEWxAFxK + BIxEWxAFxL5 or, which 

• ♦u r \u' T .. FCxCW-^AFx WE ^ BIxEW+IExCW 
« the fame thmg. Lx ^Fl^cE =^X BI x CE 
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^ ^ TiiKACE fm<:BEC ^ FC ^ 
CoROL. I. K: L-: fin<-ACF ' HtKIKB ' ^°' AC =^ 



AF WE CW . 

AC W, -Tg its cofine, -pg- =; fin < WCE, -^ its cofine •, all thefe . 



^ ,. . . fin < ACE FCxCW— AFxWE 
to the radius i, therefore ^ ^ j^^p zz APxCE * * » 



fin ^ BEC 
by the fame way of reafoniog, it may be (hewn, that ^ igi'TRB ^^^ ^ ^' 

/rju BIxEW+IExCW 
preffed by bIxC£ 

Con ox. 2. Produce AC and BE, to G and H refpedively, then K : 
L : : EG : CH. For the angle CHE is equal to the angle I E B, and the 
fine of the angle CEH is the fame wiih that of its fupplement BEC j there- 

. fin < BEC CH . -., .- fin <! ACE EG , - ^ 

*^'' An<l£B = rE^ ^ **^^^^^5r<ACt =^1* hence K: L 

EG CH 
: ; Q^ : p^^* that is, K ; L : : EG : CH, which exaftly agrees with the 

determinations in ^^3 4^ > 

• f^ • • ♦ , 



PROBLEM LIV. 

LET three weights K, L, M, be fkeely fufpendcd &om the points 
C, D, E, of a perfeAly flexibk cord AC DEB, between the fixed 
points A, B, fituated in the fame horizontal line, to which the extremities 
t)f the cord are fafbened ; it is required to find the pofition of the ^fing and 
weights, when foftaintd in equitibrio. 




SOLUTION. 

Let A C D E B be the required pofidon. From the points C, D, E, 
draw to the horizontal line AB, the perpendiculars CF, DP| £1; 
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and from C and E, draw CR, A F P I 

ET, parallel to AB. Put AC 
= dy CD =r^ DE = f, EB 
= </, AB = », AF5:;«r, BI 
= ;•, DR = z. Then FC 

= v/»'— *•; EI = \/T^^ 
FP=:CR=;v/^J^^^ PD 
= \/«»— «»' ■+ z, and TDz: 

confequently TE, or its equal 



B 







T> 



^ r*— «— v^S^^^— \/5 



r= 11 



^ •^ .J — • \/^**~2f*? Again, by Lemma i, we have 



dicular diftaoce of the qoitimon center of gravity of the three weights 
K, I^, M, from the horizontal line A B, which (becaufe a maximum) 
being put into fluxions, made equal to o, and properly reduced, gives 




conftant. Now let the above equation, viz. » — at^— jr — v/^» — 2*'= 



tij cK^z — v^tf » X* ^— \/^/»— y*^ ' be put into fluxions, firftwithjF, arid 

< 

then with x conftant, and then in the fluxional equations thence ari- 
fing; fubftitute for z^ the refpeftive values found above, we (hall 
have, after due reduftion being made, the following equations, Kx 

#DxA FxCR = LxFCxCRxTE — K+ExAFxDRxTE, and 

M+ L X TD X BI X CR = JE X CR X EI X L— DR X TE X BI x 
M* From thefe equations, it may be eafily fhewn, that K is to L, 

as 



r 



Tkeo& Y and^ ?%AXi,'ttkCA ^ HE C H A N I C S. ^^i 

fi n -<} AC D fitt ^. CD^B . 

«iln<ACFxfin^]fC£). *** (bv <CDP x fih < S^t'*^ *^^ 



that L : M : : 



Gn •< GDE 



i*Ma«M 



fin ••< BEB- 



—— i^Mi 



fin < CDP X fin < EDP * fin < DEI x fin < BEI» 
which exaftly coinddbs with the conclufions in faga 93, 119, and 



121. 



PROBLEM LV. 

LET the fltin^ AC SB,, whofe ends< A and B are^ fbfttene(i^ to^ ewo 
tacks in the horizontal line AB^ be divided into the given parts 
A Q C £^ E ff; Let aifo^ two weights K, L, a£b upon tho& points^ 
of divKion C, £» b; means^ of the ftrings CGK, £ML, pafling 
freelyr M«r turo fmalt puUies^. find, in the gii^a points G, M^ it is 
required to determine the pofition of the ftringSt when thefe weights 
are fufti^ned in equiUbrio. 

' SOLUTION. 



TTK 



it done, irA ACGKLMEB the pefidoa Fcq^iiced. Fi 
the points G. M, C, E, draw G P. M H, . 
CF, EI, perpendicularej and'CS, CD, «*—-* — * I -H: 

ET, parallels to AB. Put AC 2: d^ 
CE = *, EB = ^ AB = », AP = f, 
lHs<^ P6=:r, HMz^i JL and 
i fop tha cefpeAive lengtht o# the%in^ 

CGK, EMU AE = *i» ^%^y\ 
then will FI=»— ;?— ^, P^ = SC 
=r X-— tf, I W =z B T =r ^-t^i F C 

s V5r=^ ED = v^F^r^^;^ 



iieiice we have v'a* — ^x*'+ \/^« — »_;(-_,** 




zz v^««— ^».' Again, GC = J T^^^^^^^i^ and EM = 



N n 



^ 



/ 
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• / j__ ^ ^,__y* »* + 5^^ J therefore, by Lemma 1, the perpendicular 
diftance of the common center of gravity of the weights K, L, from the 
horizontal line A B, will be exprcffcd j^ ^ £ into r + L — 



L 



yr-v^a'-*»^+^f ad<i«l to ^r^j^ into s + l^ 

/ J v<r~p* 1 f~3*-' '^^^^^ *""* ''* * maximum j and therefore in 

y EI X EM X SGx AF 4- SC X FC X EI X EM 
in awiions we have ^ = ■_-(iCxl''CxMTxW— GCxFCxETxEI 

X -•; and, by taking alfo the fluxion of the equation, expreffing the je- 




lation of X to y, we have ^^^_„__^y» 

jyi u • F^><*a.El2ii:-:^^L>ii--5I>iiandconfcqueatIy 
^^2=*^,thatis,-gg- +-DE^--FC EI »«»^<=«'»^«l"""y 

V FIxFCxEI -EDxAFxEI . FIxFCxEI-EDxAFxE i 

i = ^FCxFlxti:i-Di^xbix^ C' *>^"'' ^^ -fixEI-DlixBl 

PTvRMx SGxAF+SCxFCxEIxEM 
= KX — dC X MT X BI— OC X El X El 

C R o L. I. If E D = o, or the line E C parallel to the horizon, the 

EM X SO X AF+ SC X FC x EM 
laft equation becomes L X FCci K X gC x MT x Bl + GCx ET x* C * 

C o R L. 2. If S C and ET are each = o, our general equation be- 
T - K y AF^FI><EI + AFxDExBI ^^ .^^^ ^ ^ 

comes L = KX"Eij^AFxBl+Blxl*lxl"*-' 

aifoED = o, thenL = Kx^. and L: K : : AF : BI; 
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PROBLEM LVI. 

THE firing W AC DEBS flldes freely over two fmall pullics 
placed at the points A, B, in the horizontal line AB; at the ex^ 
tremities of this line^ the weights W and S are appended, as are alfo 
the weights K, L, M, at the alTigned points C, D, £ ; it is required to 
find the pofition of the ftring, when the weights W, S, fuftain the others 
K, L, M, in equilibrio. 

SOLUTION. 

Let A C D E B be the required poikion of the ftring ; and from 
the points C, D, E, draw DF, DP, 



E I, perpendicular to A B ; . draw 
alfo C R and £ T parallel to A B. 
PutAB=», CD = ^DE=A 
AFzzx, "Bl^y, FP = «, AC 
;= z, L and / for the refpeftive 
lengths of the firings CAW, EBS; 

then will FC = PR = v/z*— *S' 
DR = v/^'— «S • D P = ^/z*— *»' 
-J- v/^*— «%' whence we get BE = 



A 



p p 


t 






■ 




c\ 


\^T 




^ 




IE 



B 



S 



K 



m. 



^ V^2* — X' 



I 



•y—ii 



+ jy*. Hence, by 



Lemma i, we ^^^e ^^ , t^ , j^ i jy^ . g into LW— W2:+ K x v/2* — x*^ 

M X -v/jnr^— M X v^p-^^^^1^^^ + / X s - 



X* + 

SX 



mJ \/2*— ;c* ^ + \//>* — u^^ — y/ c'^ ^^'^x^y^u +j* for the perpen- ^ 

dicular diftance of the common center of gravity of all the weights,, from 
the horizontal line AB, which muft be the greateft pQf&ble. . In fluxions. 



L 



h a$i jmrROD^UeTION /« Ihe 

AC AC A C 

with z variable, gave* Kx^ + LXp^+MX^ = Sx 

£1 V AC 

n~-^-f'W; and. by taking the flunon of the lame exprdfioB, with « 

vanaMe,ireffiaH.haraKx^-hLx^ + Mxp:^= Ji'CxBE ' "*^ 
*i V P V KI PI 

exprclTion, firft with ^, and then with u variablCt there will arile the fol- 

lowing equuion, viz. g^^pj M-Xg^sSx^g-andLxg^ 

.„, CR SxCRxEl . SxPIxEr „^H ,., „ 

71 

1^ is the fecend of the fbregoing equattons, we fuUHcote ita.>ialin,.fomK| 



1 



AF S )f B F 

by the thini equation, we ihall have K+L+M X Jq = — 5g~ + 

SxEBxAF .... „ , SxAFxEI- AFxW ,, 

' FCxBE ' ***"* " ^^ ''l"*' " FckB^ ' +""5^~''^^ *^"«- 

Bl AJP 



W to S might have been- othnwUe dctwmined, aa- in- the. foUawing 
manner: 

Lee the forces afting !n the direi^ons CD, DE, be reprefented b]f 
m and n rcfpefUvely •, then, bccaufe W is the force a£Hng in the di- 
reftion A.C, it wiH be W r « : : fin <c FCD : fin < FCA; and again, 
« : « : : fin < PDE : fin < PDC, alfo » : S : : fin IE» fin <: lED,. bj» 
Problem III, therefore W : S : fin < BEI : fin < ACF; for the fines 
of the angles. FCD, PDC, are eqaaf, as are alfo thofe of the angles 
PDE, ItD. If ilie weights K, L, M, ad in oblique direaions, the 
jfttJtt o# W to S will be that of tiie relpeflive produfta of the fines of th* 
m^a, (the fooMF of tttsfiocsof Ae angles Mwanls^ the right-handj and 
.^ the 



r 
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Ae latter of thofe of the angles towards the left-hand^ whi< 
^oiu make with the coirefponding- parts of the fbing. 

COROL. I, WrS::^:^, or : : fin<BEI : 

Itc the number of intermediate weights (acting in dircSions 
to the horizon) be what they will. 

CoROL. 2. K+L+M = S intOgg + ^X.gg* 

CoROL. 3- If the firft fide AC, and laft BQ^, of any. funicular po*- 
lygon ACD^QB, formed 
by the forces K, L, M, £3*1:. 
a^ing in the direftions K C, 
L-D, &?c. be produced until 
they interfea, as in T y and^ 
the angle ATB divided by 
riic right line T G 1 fo that 
the fines of the angles ATG, 
GTB,,may*b,e reciprocally 
as the forces A and B^ aft- 
iiig ta the dire&ions AC. 
B<2j then will TG be the 
diredion of the efibrt> arifing from the joint action of all the inter- 
naediate forces K, L,.M, (^c. and will be to the refiftance of either of the 
fixed-points A,B, as the line of the total ang^e ATB, to that of the cor- 
refponding partial angle AT G or B T G ^ which agrees with what 
M. BernoulU has inyelligated, by a difierenC method, in his EJfiy tie la. 
Manauvre du Faijiaux, chzp. 1$, prop. 3. 




O o> 



f 



^ V. r* 
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C o R o L. 4. If the directions 
of the refpcftivc forces be pro- 
duced to their points of inter- 
fedion £» F, G» 6f^. and f , /, g^ 
&c. be put for the forces with 
which the parts CD, DP, PQ^ 
t^c. are drawn in the directions 
of their lengths, then will K = 



DC 



L=/x 



DP 
FD' 



M = 



PO 




1^ X pg^ ^c. 




C0R.0X. 5* If the polygon A C D P B 
degenerates into a curve AB, by the aftion 
of innumerable forces, applied to the feve* 
•ral parts of the ftring, or by the abfolute 
weights of the faid parts ; then (having 
from the points of fufpenlion A, B, drawn 
the tangents AT, B T) if the forces a£k 
upon this cord or ftring, in direftions per* 
perpendicular to its curvature in the feveral 
|)oints thereof, the line G T, which bifefts the angle A T B, will be the 
direction of the joint effort of all the forces afting upon the propoled curve. 
But if thofe forces a£t in directions perpendicular to the horizon, which is 
the cafe when the curve is formed by the gravitation of its parts ; then GT, 
perpendicular to the horizon, will become the dire£tion of the joint effort 
of all the forces ading upon the faid curve. 

CoROL. 6. Let AB 
and E F be two curves, 
formed by an infinite lium* 
ber of ^forces, a6ting in 
>dire£tions perpendicular to 
the feveral parts of thofe 
curves; and let alfo GP 
and G Q, H R and H S, l>e radii of curvature to the points P, Q^ and 
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R, S. This pretnifed, let.M and T reprefent the forces 
reftions FG, HR, g and b thofe with which the indeHn 
Q^P, S R, are drawn in direftion* of their lengths ; tl 
pofe the forces M T in equilibrio with the others g^ <&, 

* j^], = J5^ , becaufc, by Corol. 3, M 

ixRS . . GPxM HRxT ^ . 

= -yj^» wnce g'.bi: ■ ^q : — gg— * whereii 

•tt RS, f will be to .&, u GP X M to HR x T. 



FINIS, 



ERRATA. 



)AGE 8> Line i7./#>- E*, riad 

miinii M 1. 3t from die bottoai] 
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n, tv«y minimam. T. $;, fir EH, in ^e laft lioe, rm/ 
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